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2 ,2 Tra n sf ormat f on s and Linear Mappings 

We no* take Out ftfSI look ol Ihc geomctrk interpretation of a complex function. If 
D is the dumain of deiinilion of Ihc real- valued functions J*C*. y) and i-U j). lhen 
the system of ^njaiLuni 

fl> u-fl^y) und v-v(fi.y) 

describes a transiormatinn or mopping from D in the yy plane Lino the ui' plane. 
Therefor, (he function 

(2) w=Jfc) ■ ti(A,y) -I- fr<z.y) 

ears he ctmsjtfctn] ii mapping i >r iransformnLion ItotjI 1he set D in Ihc ( plane onto 
the range in 1he w plane. This is- illustrated in Figure 2,|. 




FIGURE 2.1 Thtf inanpLnj: =/T z l 



If ^ IS a subset of th* domain of delimlioh £>, then the scL a = \J\*): 5 G A) 
is railed Ihc iVracige of the set A, mid / i s said Lo map A ttttrtt B. The image of a single 
point is a single point, and 111*; image of the entire domain Z> is Lhe range R. The 
mapping w = fiz) is said Lo be from A into S if the image of A is contained in £ 
The- inverse image of a point w is the set of all points itnD sued that w The 
invtfs* image Of a pOinL may be up puinl, sweral points, or none at all. If the I utter 
case occurs, lhen the powl # is not in Lhe range of/ 

The function /is said lo be ane-m^MM if 31 maps disiinei points l\ # zi OHIO 
distinct poinis/tei) fiz& If w = /(j) maps Ihc set A one-to-one and onto Lhc set 
S, then for each iv in B there exists exactly one point ; in A such thai w "/fe3. 
Then [costly Speaking, we can solve ihe rtjuiilion n 1 = /{:) by solving for ; as a 
function of iv. That is r the inverse function t » n(iv> can he found, and lite following 
equations hold: 

C3) tift?,} " t fnr all tin A and 
/igl») = «■ fortll wtnJr. 

Conversely, if w <- /(t> and £ - g(w} are functions thai tn»p A irtlil B and & 
inlod, rcipeCli vely , and equal ion f (3| hold, Lhen W maps the set A one-to- 

one and onto the set B. The onc-to-ono pioperty is easy 10 show, for if W* have 
flti) 1l»en *(/tz,)) = jfi. /(-;:■ l: and using couulion lil, we oblain q = ij : 
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An E-ncighhorhond of the point a( infinity is ihe «t [i: |z| > I ft}. The usual *■> 
to visual me the pcinl al inflnily Is accomplished by using line sic rc graphic projec- 
tion snd is attributed to Ricmann. Let S"l he n sphere $$ diamcicr I that in eemered 
irt The (0 r 0, -j) ill lh* £hr«'diLiaeQSiOnal space where coordinuUe.5 art denoled by the 
triple or real numbers (a, if, |). Here Ihc complex number I * ■* + J> Wfll he asso- 
ciated with the pnim [x. v. 0>. 

Th« p«rnl X = (0. t>, I> on fl in called the florrh pok- of ft. Lei i be a rompEca 
number, and consider the line segment L in Hirce-dimcnsioual space that joins ; lo 
rhi2 north pole X. Then L iniersects *1 tn exaclly am poim if. The rorre upon dent* 
! ti S ii tilled (be ilfrengraphk prujettioo of the, complex c plnnc onto the 
Rifttmttn sphere fl. A point z — X + iy of unit modulus wilt correspond to 

/ x y I \ 

= I — , — , — J 1 1 -" has modulus greater lhan I, then if will lie in the upper 

hemisphere where | I , [f z hJS modulus less than I, [hen will li* in the Lower 
hemisphere where £. < ■ . The complex number ; — 0 corresponds to the .wash pain 
J - tO. ff. 0). It is easy 10 Visualize ihiil t |f and only if 2? -,■ Jf. Hence -V 
corresponds Eo I he "ideal" point ai infinity. The situation is shown in Figure 2. 20. 




FIGURE 2.30 The Ricmann sphere. 



Lei us reconsider Ihc mapping h- = If?: Let us assign Lhc images w 13 m and 
w - 0 to the points j - D and j - **. ncspcclively. The reciprocal transformaiinn 
tan now he »Hi'eti a* 



llz when z ^ 0, 1 ^ ■ 
ft when ; - = 
" whfn z = 0. 



h is easy Lo see thaL Lhe transformation w = f\z) is a one -to-one mapping of the 
emended complex i plane onto ihc extended complex w plane. Us-ing property {4) 
Of the poim at infinity, il h eaaJF IQ show ihal/i* a continuous mapping From Ihc 
emended z plane onto (he extended w plane. The details are left for 1he reader. 
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FIGURE 3.2 Or^h u [ inx r v) = .t' - .W. FJGURE 3 J h.e. ,;, - 3w ! y - J 

Complex, variable techniques can tw used tci show chill strain ccitibinaiiwi}! 
l>1" hafiiiLHiii; fucic:9iH>ns hjirtrlviiiv. Fur efcamph-, u' v is the h.irnsnnk conjugal* oi 
ri . then their pradocl <¥.x, \) = jfU, >-)vtr, j>> is a harmonic Function. Tilts Curl he 
verified dirccdy by C0-1ll|>U(iitpz the partial (ienvalLvex iind sJiovr-ing Shut equation t.2) 
holds ime, but trie ckinils lire Lcdsous. 

If we u«*g comply variable techniques we tan tLurl with the fuel I hat = 
N(Jf fj v> + rv{.r. y) is an analytic Function. Then uc observe <ha1 ihe squirt L>F r fis 
iiEso an analytic functinn ftqd given hy l/is)] s = [«(jt, y}] ; - fifl^ ;,>|- - &u 
(.t, jDHv, J?! Mente the imaginary pari d p \s 2u{x r y)v(x, y> and is a harmonic 
function. Since a constant multiple of a hamioniu funeiinn is hiirinulic. ii M I ■ iv. > 
ttia: r> is hamwnic. It is left as an e mjTvise lo stow (hat if n l and il 3 are L»o harmonic 
funclions thai are nnl related in the preceding fashion, ihcn their product need not 
be harmonic. 

Th&Oram 3.6 (Construction of a Conjugate) Let w(j h y) he hsjfUimii} 
in an t-neigbborlwad nf ifre poir\ t y>J. Than ihtn nxiitx u cotuirgai* har- 
munie function v[jc, >') defined it\ this ri^juArxrrWJ, and fU) = fttyr. y> * 
rvi.1. vi j,y an analytic function. 

Proof The harmonic Function n and i ls conjugate haronJnk fun* I km v w\\\ 
satisfy Hw= Cw»cby-FUs<nann tquatj^ns w t = r, and n, = -i ,. We can construct 
■H. vj in a two-sLep process. First integrate v, ( which ii equal to a,) with respect to 
v- 

1,7) ,1.,,) = | j/.f*. vj.A ■ avt. 

^ here Cfjt> is a Function at' .v alone 4 thai is. the parlial derivative of t"i 1 1 v. i i In l- sped 
ro ■.■ Is mcc>). Second, we are able IP find C(*) by difTenrnltalmg. equation (7) wilh 
respwt to .r and replacing i" r vith — n, on the left side: 
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110 Chapter 4 S&qunsnces H Series, and Julia and Msndelbrol S&ts 



Proof Wt give a proof assuming Mm | e„\ ,! » crisis. [A completely general 

pronf mokiin; use of the lirmt supremuns e;ir, ha found in a numhci of advanced 
Icsls.) By Theorem 4.10, I he scnes converges absolutely a< Uwse values of z fdf 
which (tin I - ol>" f u ' < 1 • This is the same as requiring 

(I) |:- (i| 1imlc B | , *<1. 

There- arc chrcc possibi lities to consider for the value of lim | c. ' "': 3 f 1 he limit equals 

™. inequality ( | j holds i*ue iff £ = a, which puis u* in ea.w (i). We will he in ease 
On if 0 --- lim | t„ |"* < Hi since inequality <|) Ihen holds iff |?-a| £ 

IL-tW | e- |'* ' ' ,C '" ^ : * "iJ(««>. whefe p * |i m |c )"» • F ^ na,] ^ lt ^ cc 1 ,lflli °- 

we will be In cttse tiii>, as Ihc left-hand bide of inequality f I ? will be 0 (or any value 
of £. NocLec VrC arc unable en say for syre whar. happen * wich respect to convergence 
oB C„(a). Vuu Will see in the exercises lhal there are various possibilities. 



Another way phrase ease Oi) of Theorem 4.1 1 is to say 1hat chc power scries 

j\r.) = £ £j.z - tir converges fff« - aj < p. and diverges if | z - u | > p. We 

call i hi pnmrvf p ihe radiut nf c<m.verxtnc* of I he power series (see Figure 4.2). Tf 
we are in case I. if of Theorem 4.1 L we say thai the radius of convergence is rem. 
and ihat the 



<in Ihe 

boundary may be unJuBun. 



FIGURE 4.Z Thr ratlin.-, ul ct.1nVcr3r.nci: ol z power ierieS. 
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I he possSive tifth root of a = 2.71B23 . . . The nolalion is ambig- 

miu-* j nnL-hr he imerpneled as my f>i iJnr toittplcn rlfili TLtO[s of lite ituinh*!f r [h^i 

were discussed in Section 1.5: 

L22I4O275B160I7 (™s^+ i sin^), for Jt = 0, I, ... .4. 

To prcvcnL ini* confusion, Vc often use cnp(^) to denote the single-valued expo- 
nential fusion. 



Properties afexp{z) 

Since, identity (31 involves 1he periodic functions cos y and sin y, any I wo points in 
the : plan* rant lie on lhe same venitjl lin« with iheir imaginary pans dicing by 
an integral multiple of 2SI are mapped onto I he same point in Lhe w plane. Thus, the 
complex *xponen<ia] function is periodic w-ilh period 2nf. 

EXAMPLE 5>1 The points 




+ 2nn k fern = 0, ±L ±2 r , . . 



In ih* e plane aw mapped mite lhe single point 




FIGURE 5,1 The poiens t.r.A Lit ihu r plafit ml. i lur j.v plane > and lIutii i iru.^u 
Hm = KApdiJ in Lhe kf plarre fi.e, 1hc M* pinns). 
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cik™. ^ TlcflT-ttW III', . . . ,, L ^fi^T- . .■ - . . . *«7^ ,\ 

tzV***^. . . .■ . 7'■'!n'^s ^ !^7l^*T'. , !; ■ n-^;: -^?"^: ^7 /'£w T ?& f.?:'.'i-,"' ■ . . .■■^■T's 
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'^V-^-tMii'. '. '---■:< '■ ■'-i- W^'rfwi W> Vf™ ■! up jH^iTCfJ^-? .-. -Ltl ■,: i " ■ ■ WX.-VmisCV.riX j! -.^vi : S ^ 
■■ ':. .. i- : ..7 : I :> ^T^rr:^", -*rv 1 ' --• j -i"-; ■'. ' Lr; _ m; - ji. 1 ^cJ. ' 1l' ^l- 1 . -J" J" : 5^51 : \1- ^.lL i "-.-."liT: LIT ^f.ifi 
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EXAMPLE 5.2 Consider m, rectangle H = {(a, jr):a £ x S kandc S> * cr) H 
where J - -c < 2m. Snow thai the luriMfortnatioo w * » maps onto a 
portion of an aisnuJju region bounded by mo nays, 

Solution Ttw image point* in Hit » plane satisfy ihe following relation- 
ships invoking the modulus and argument of w; 

r ■ |«""| * l*" n | a |^*- ,r | - A 

C = lugfe"") S argte-'} £ argfe"-»'> 5 d H 

which, ii i portion ufihe (bUjfujia (pr**- is* * p st e A ] in Uw w plane subierutaJ by 
[he rays $ = c and n) ■ rf. tn Figure 5.3, ive ^bow the image of the TccLmi|lc 

ft = -ls.rsljuidjs.vs ij. 
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The ifiUK, The h [>laae 

FIGURE 5.3 The irr^fc rjf under Une Enwsf^fnmUinn w = rapte^. 



EXERCISES FOR SECTION 5.1 

L Using EJelijnLiun 5. 1, fiipljin wh> cxpiUj - f' : - I 

2. Give 4 cmefoE jgtfHitiiiion for sJuJernent:? (11 pqiH J) in the prcmf or TnefSTem S I , pan 
,„,:,. 

J. An jjtemjle Jelimturfl I Or brij^.o: Many DMJU tafce iJi* apjiniaLl) rfjlaftatlg v.illi identity 
(3l as the definition fw/(ll = e*p(z'i. This eaercjjve itvows; 1hU is a natural ippn^ach 
from ilut iiaftdpotnl of differenUaJ equations, Our staning jxwit is itaai we require /"uJ 
tr> he lhe aalutinn k» j,n initial -viIlk prnblem satisfying Erie fnlktving three jimfiL rl iir'-. 
i l i f is entire* = for all :> and (3>/{0) - J, Suppose /(;> = /U -i- is) = 

u\ i; yl ' n l.c, yl is Ill's prupfrlits ^ I j, i^>, and {%'). 

. i -:i i'H' rcii|i i'i. i - .: i ii. i'.. '.i .mil ihi- n.-:|iii'.-rii , ni fin it. In. hi 

propeny (2> to shov that y> - » - 0. 

OH Show (be result in pan ia'1 implies [mu. >k" r | - 0. Note that inceertting tMi 

law equation rwrtiilly wiin nnnect id j eWc* «<*, jit** =■ ji(v>, where ^ v) »;« 
ftittcrjofl of v uione. 

[c> Uniti^ a similar procedure hnr H.T,>> t thK™ wie wind up gentry the jah nf sulutitfju 
aij, y) ■ p\ yk 1 , and nCi, » = Ljiyk*, where p<;y.l *rnt g(y) tire f unci ions of > ilonc. 

(dr No* Hi* the CiliirSyrHjcirtjnn L'L|u j[Li:.n> 10 nmcluJu Iroin pari luj l!iai ^y) — 
rj'^.vl nnd p'fyj = -i?l y). 

(c) Srioiv the resuh in pur, id) implies yj"<>> -t- {Ay\ - 0 and + ijf>> - 0. 

I,T> Given Ihul /<0> = /<0 • Civ J - u(tl r 0] 4 ivUK Q| = J i Dr. lu B e«hci with The known 
sol nlion5. eo Lhe efljiuliwns in pnrl i'e'i. conclude that idenlllv Q) follows. 
J. Vunly pfopwticYi (4) (hcaugh i6) .given ml ihc wit 

f T The □ucstiwui for lhf» problem reJ»lir io Figure The shnded pnrtion in the w p];rac 
iQilicfltcs tlie irn^gc of tlw i]uded portion in ihc .- ^Janc, wuh ihe darkness of bhadinp 
iniliL-aEinf the Jeusily of unrxesptrildinf poirtU. 
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FIGURE S.T TK-r RLtmaon stirJuLK 1hu mappin £ m- = knpfik, 



EXERCISES FOR SECTION 5,2 

t t-'mil Ude pnnE:paJ 'value LuSfc) - u -» iv far Hie fuJldWllifc 
{p> IflUi^ (b) Ufts/j - fJ 

fc» Lotfiy^ - V5> Id I Lo£[(l + jri 

2. Kind flJ,' tfur values nf fur Lhc tiilkiwang: 

ft lotf-3> (b> l(Jg<4r) 

ft) Jd£ a Cd) htf - VI - i) 

J r Find «<JJ 111? v^luei of z For which Ihe fo3lo»iji^ cqoalioni hold: 

(a) Lotfr) = I " 7 (b) Lpe(z - 1) - | 

fc> osp(z> = (d> ctp{; + I) = r 

J. U&e propenieE of argtzj In Sfc«oiL 1. A io csiabiim idiiaihy (Hi 

3. L m; pnjpCcllies -hi jrjrUI in SitUCm L-J lu estahii *."h iittuLily 1 32) 
fl r Show iliii Jmafz) = I*j(^> + rlttri wiiere « is an irtlcEjer- 

T. Lei Mr = lof</tH. Ub LrapiLctr differcnJi&lioni 10 6nd it poinli where /<;) i& 

aflaJyik £Ad lluBKltTLi. 
P. iinplicil Jifl'frcniisli^n lofind ,I<*)Jz for IN; r'oUtm^ng; 

{a> w - lostf 1 - ; + U (b) w - z Jp#i} 

9. SSiow r.hms/l(z) = LQjfKiz) is snJilyiic everywtiErr <?*eepr. at poLnis <m ib? n.y pven fry 
y^H, 2 - 0. Fmd /'(?), 

10. Show lhaj/(j) = IMsfj ■ 1 n.: i is 4jiliI_v[l<: ryepi'whcrr: aL Llbr jriiirtLS 
— 1,-2 tad it polnls on 1lic iMy x % —5. y = CK 

11. Show Ibai if Jt£(i) > U. Chta Log ; - J f Iruf^ + j3) + < MCt^yiJ, ftferi! the pnOEjpaJ 
bnwch of Ihc Teal fundion *reian r is used; iha1 ts. -R/2 < araan r < 71/2 
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over contours thai are easy to evLiluaLe. We will show how (0 USe the technique of 
pariiai fractions toytihei wiili i hir Cauchy-Goursat Lheo/rem Id evaluate- certain in- 
IcjTais. In Section &.4 we will sue lh;it the Caudly-Goursai theorem implies ihat an 
,, i.iluu : i 1-_ : i- <ii h^-. ;n- jjniiki i 1 . .nive. To mm: *"ri. ■.w nci'il In n : n '-.-ii hi -i 

new toncepLs 

Wl' saw In Section 1.6 thsiE with each simple closed contour C there are iis- 

•iii -.ills' iv. 4 . .h.|.vr,- .l..;ii,. -is. .-.i.l. ill ;•> h hiis * :- u3.il y. Th.- i ■■>:]•. ■: 

divides the plane Ioio two domains. One domain is bounded and is called the interior 
of C, flifd 1 he Ol her domain is nribnu itded and is called the exterior of C. Figure 6. 1 5 
illustrates this concept, this result is known a§ I he Jvrdiin Curve Tlteofem. 




Fl SURE 6.1 5 Tlsc i inei ha iiid uttejiof of simple c losed contours. 

In Section 1.6 we saw that a domain D is an open connected 5*1. In particular, 
if ;»rtd i] iitl- any ]-.;■ ■ r i>f : ii-. in }>.. ihcn ihey can he joined by a curve that lies 
emirely in D. A domain D is so id to br simply connected if ]l ha* I he property that 
any simple closed conicmr r contained in D tins ils interior contained in D. In other 
words, Lhere. nrc no "holes" in a dimply connected domain A domain i hat is not 
simply eonnccied is said to be a ntuflipty connected domain. Figure 6.16 illustrates 
the use &f the terms "simply connected" and " multiply connected." 
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FIGURE 7.3 The dosed annuLui Air. A. ou. The eluded pon ioia is eIk open 
annuUl* Air. fl, d>. 

□wjtciJwj Ai> r fl. utf. Nk'fl rite ivrg ex imifarmiy tut any itibanirnlii.i 

tfc f. «}, r < .1 f < R. 

Proof AL-Lflfdmji in p L 'fini<inu 

-1-— - ¥-k J^O 

8y Theorem 7.2. ihc sines ^ eytt - a)" must converge uniformly on 5,1 a). 

i Weitfstia^ .y-ic^L. ft jj easy to srinw Lhat ihe series 2 - a)— con- 

i umrcumij on {.-/. \z \ £ s J (wc leave Ihe tlcUiils Lit iin eacrcisej. CombiiiEng 
two faccH yields die required result. 



The main resuir of [his section specifies how functions analytic in no annulus 
: esrwnded in a Lau^itT series. In l>. we will us< symbols of the form Q («), 
we remind you designate tJis put-i ti vel >■ oricnlect circle wilti rudtus p and 
□l Trial is, C" ( , { a.) = [ i: | z - a | = p}. oriented in ihe positive dircciion, 

Theorem 7.S {Laurent's Theorem) Suppm* ft < r *s /{. *j?iJ /hat f is 
inatytic in thr attnuiitt A = Ai,r. Hj' — (fc r < | ; — K | < ft ] j/h?wi) in 
FfoiiM 7.3. J/p M number such that r < p < R r than far ait *„ t A, /has 

^■Afre/nj" a = 0, J T 2 rAe ceefficienu f ri a* J c ft are gh-ttt by 
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Mvrc tnrr h /ft* converge/tee in tqaation { 2) j j aflr/ffrm en air_y closed suban- 
nutus Ms, r, U) - jt £ |l - C | S/}, h Arrr r < ,v < r < ft. 




Proof If wt fin e-siablish equal ion <2), the u mi arm convergence on 
Ms, i- *x> will follow from Theorem 7.7. Let ?_ v he an arni^ar^ point of A. Choose 
ra small enough so ihdl ihc C&cle Co = C^(z<)) is contained in A. Since /is analytic 
tn Cjfco), the Cuichy integral formula gives 

Let t'i = Cj(ft) and C : = C.'^uc), where we choose r, and r ; soi that C M lies in ihu 
region between C t aid C:. afld r < r, < r ? < fc, a* .shown in Figure 7.4. Lei Z> bp 
the dcunuin consisting of the annutus A e*cep( for Lhe point :.r. The domain £3 in- 
dudc* 1he contours C„. C 3l «nd C : . ai well as the region between r 3 4(hl C n + C|. 

fe) 

i- I- 1 v'kv - .mv. -!•■! bL\ni:g hi O I he function is ,.n,i it Ji. s- 

by the emended Cauehy -GoutmI theorem we obtain 

• 30 Jg i: - a 3 ) 2rel Jfc - as) 2iti ir, {j - & 
Combining equation (5) with equation i4) and rearrange terms fltveft 
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and — X < v & n* and the icflfflem* a and -tc < y £ h furm mi orlbrtiHjna] grid 
in Lhc iundamensal period, stop. Their images under I he mapping w * e»p j are ihc 
TajfS p > fl end $ - c and [he circles |w| ■» e". respectively. These images latin 
an orthogonal curv'ilinejtr grid in the H' plant, OS shci^n ill Fijiutfe &jf. If.— *<*f «S 
J s TV, Ihcn ihc rectangle ° {x + jy: a < x < r < y < J) » mapped on* -to- 
nne, and onto the region (J = fpf*; f" < p < f < $ < J}. Tlie inverse mapping 
is (In: principal branch of 1foe logarithm z = Log fcft 




In this icction we will show hw compositions of COnformal trMUhfiii-fiinrtLtrtSi 
are tised to COHSSruct mappings *itn specified characterislics.. 

EXAMPLE The irsn>forma<ion w -/(:} = <f - i)S(s z + rl is a. one-lo- 

am: eon formal mapping of the nortetfnla I sLrip 0 < j < * (Wtfl I he disk | L+- 1 ^ I. 
3 ; UT(hermtneL thu Jr axis, is mapped omo the loucr semicircle bounding the disk, and 
the line v - nris mapped on1o the upper semicircle. 

Solution the funL-Iiun w = /M ran be considered a.s a compos-iuon of' 
ihc exponential mapping Z = e^p ~ followed t>> I he hi lineal Irausforrnation 
iv = it — i)f{Z + i). The image of the horizontal strip 0 <. y < it under the mapping 
Z - eip j is the upper hall' plane lm(Z) > 0; the * axis is mapped onto the positive 
X sk\v, and ihc line j> * it is mapped ouJo she negater A uxis I |w hihnviii n-m-- 
fcwmalKKn n 1 = i'l - itf{Z + j') ihtfl map* the upper halF plane EmfZ} > 0 onio the 
disk \ w\ < J; the positive Jt' amis is mapped unit* the Lower semicircle: find [he 
negative X axks omo [he uppef semicircle. Figure 9.IU illustrate* ifie co&npo&tti 
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The Niemann Surface far mi = {& - 

Using 1 he Othef fcrtfftdl oflhs Squirt root, lind that »• = /;(-;) = —f[{z)> is a one- 
lo-unc rcnt'oninal mapping from the domain «L Pi ccMisjsOng l>F (Jw * plane slit 
along the sepienl - L S i £ 1,^=0, ormo Ihrt: range id consisling of she N 
pinne slit aiong the segment u-Il,-lSv3 ] . The sets Oi and H 2 for/, and 
0? and W> for/j(;> a*e shown in V\gUt< 9,14. 



1 K 
A k 




FIGURE 9.14 The mappings w - add h - /,d>. 



The Rieirumn surface for pi = (s 2 - is obtained by gluing I he edges of 
D\ mid £>;• logeiher and H\ and logeihcr in iJic fo| lowing manlier. In (he domain 
i^l. fclue i^ges A 10 a, if 10 h, C 10 c, and D lo a 1 in the image scf, glue edges A' to 
ti\ JJ' to A', C to c\ and £)•' to d' , The rtsull is a RfrftutRFI domain surface and 
Rieitiann image surface for the mapping see Figures. 5.l5fa> and 9.15(b), 
respectively. 
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Ul Duauin mrfce jfj jOHlftilO £t ft) |m*£t ilirfkC* W IbfaMtO ft 



FIGURE 9.15 the ftiertiiiNin ittrfaiies fur llie Tnappirnjf h' = — tfl$ r 



EXERCISES FOR SECTION 9.3 

1. Find foe ima?c of the scmi-infiniic atrip 0 ^jr'««fcj:a»0, under fte u cuss form hi ion. 
«■ - Kip l'i 

2. Find tp« imA&e of ftp it Wangle 0 < jr < In 1. 0 < y < iifl, under 1He Lraoifocjn.ir,^,, 
w - flip fc 

J. Find 1hc image pF Hie first (liiadrnnf r > v > Cu under *h " Log i 
J. Find 1}ic image of the annaJus I < \i r \ < e unde/ id - Log *_ 

5. Show uMi tin nulEtvaLued aiincUon w ■— log r naaps Lht- annalui I ■ ■ | r_\ < r qaga ihe 
vertical stn-p 0 < Re<iv} < I . 

6. Show (hit il- - 1.1 - i-iltf mapi the pomon of lhe right half plirte Kef;) > 0 1ha1 Jica 
to lhe rjghL (hf lhc hyperbola - jr 4 = I <m|g llie writ *sk |w( < 1. 

T. Show Hiii trie FurretLon n- = - tyfr + ij maps Lhe hoffizAfilaJ Urifi -n < Imfz) < 0 

OHtO lhc Ef£iOG I < I Ik I . 
H. Shuw lha.1 Ur - (e - - ] Me : + 1 i fJLiJii I Ik htmiiWital ilrip j y \ < OT2 Gmin 1lhc linil diii. 

9. Find lhe image of Hie upper half" plane Imfi) > U under w — Log[i!l + ifH L - •)]. 
Hk. Fjnd lhc image d ibu [mrtinn df Lhe upper hntf plane irn(:l > I) Lhal Ires uutxide lhc 

circle f;| = I wider lhe (rariiForniJilion W = LogH.1 + ;jr(] - r>]. 
11. Show ihai Lhc fundion w - (1 * *jV<l - maps ihc portuni of llie- dt.vk |*| < I ihai 

lies id tbe ftrSL □uadrajil <Hitu the jxrrUnn af lhe upper hjlf plane Irnfu') > □ that lies 

outside the unit disk 
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10.2 iRVflriance nt Laplace's Equation 3 1 5 




B| GURE 1 0A ft* boundary e#i$tl uii> fife iht harmonic Function 4^ @ Ln 0» 
sDttntim nf Theorem 10.2. 

The reader can verify ihal ihe boundary conuHlioos are coned for Jr < Kj and 
it > \i.„.,. and Ihr res 11 1 1 "ill he esiahlished. 



E X AMPLE 1 03 Find Che function y) Ihal is harmonic in Ihe upper half 
plane Re(i> > 0, which take* on the boundary values inriioled in Figure HXJ- 




FIGURE 10.5 Tbe hnundary valuo. ffij- me UjriciiJei problem in Esumpk Kk.ft. 



SoluttOfl This is a four-value IXriCtilel prubl«rn in ihe upper hali 
plane lm(E) ^>0. For EhC z plane cH«i solution in equmion (33) becomes 

(17) ftc, v> = (r., + ; S C«-J " Argt: - 
fl ■ 

Here we have no = *i »\ - li-&i- m 3-, 03 = 2 and Jt n = — l h jt-j = Q, = 1 . which 
can be substituted into equalicm £17} fa otH.HH 

v) = 2 * — Atjfe + It + — Arg(; - Q) + Artf: - l> 

K II J| 



I V 



2 y I t 

- AJetari - + - Aretun 

R * Tt *- I 
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EXAMPLE 1 0.7 Find the function y\ thai is rurttiottic in the upj*/ half 
plane Rrlz) > U, which Lukes mi Lhc boundary vatues 

^.0)- 0 f« [.*] > I. 

Solution This la a ihrce-vatue Dmctitet problem wiih = <). si - | t 
= Oartd ¥i = -3 a^d Jf; = I Applying, fanny En (13) Lhe soiuEion is. 

tfi.yJ-Oh^Ar^ Mm ^Argf;- |, 

= -7 Areun ~— 4 ; Annan , 
And a Ihree-dimet^ioiull graph v = <H*> y) Ss shown in Figure 10.6. 




FE5UHE io.E Hie gnpli nF pf = cK*i >•> Tviih Hie bourHJiry viluet 

DCt, 0) — 1 for | Jt | < I and <M>. u) - o to* | r| > 1. 



We now siate the it- value Dirfchlet pn>Mt/n for 9 wiy/jr r.wnct ml dinnatn 
Lei £> be a simpl y COnltEt'letl dununn bnunded by the scrapie closed con lour C\ aid 
let;,, Zi, ■ ■ ■ , :v denote N points that lie along C in Op specified ojder asi C is 
Traversed in (he positive (ctinmciv lock wise) sense {see Figure 10.7). Let d denote 

I he portion of C ihaL ties strictly between Zi and ?a,\ (for * = 1,2 N — IK 

uud ler denote the portion 1haL lies stficLty heiwccn z,v and ej, Let 0^02 

fc* real CotiSlnnlS., We waul id find a function v) that is harmonic in £J and 
continuous on D U C, U C a U ■ ■ ■ U Cv that takes on the boundary values: 

(1*) *t>. y) = rtt tor z = x t (v oo Ci t 
tlJi, y) = ff 3 for z. = j f iy on G h 



'i.s.j£ijtjtfiy- 
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1 0.2 Invaria nte oT La place s Eq uatlon 3 1 & 



a* stiown in Figure 10,9, En litis case lhe m*ihu(f in tsnmpLtf 10,2 can he used to 
«c (hm fSH.ii, v) is jivrn by 

1-0 2 2 v 

\2&'i il = 0 h — Ate w = — Are w ™ — Aiclan — . 

Using lhc functions, a and v in mapping {22} in equation (26)< wf Find thai: Ihc 
solution of 1hr Dirichlci problem in is 




FIGURE The Pinehln pmhlfms f^r Ihe tomsirs fi*niQ in Ihc wMinp, 

Example 10.9. 

A i.hr^ -dimensional giapn n = y). in cylindrical coordinates Li shown in Figure 
[(MO. 
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EXAMPLE 10.10 Find a function cH*, yj thar. is harmonic in the quarter d isk 
G- .i >Q, y> 0, |z] < I and Luke;, en ihe boundary values 

{27) ft* y) - 0 f» ; - o < e < Kit 
+C0U>J - J I. 

Solution The function 

(28) k + jv^i = **-r * Plry 

irop»ihe quarter <Jj»k onto the upper haSf-dis* rtt *>0, |»-| < I. The B#tf Dirkhlct 
problem Lotfis shown ui Figure 1 0.1 1. From the result of EsiintpEe 30.9 (he button 
<J>ur. t) inH is 

2 L - u ! - ^ 

(29) OKu. v\ - -Arctan — , 



Using equation (2:5 J. cine can show thm n 1 + » (jf 1 + >f 'lr mi 2u - 4*y, which 
tan be used in eyUiULoEi (29> to show lhat the solution $ in tf is 




FIGURE 10.11 The Dirktik; problems for the dofriBitu O and W in the solution 
of Example ID.]Q. 



A three-dimensional graph u ~ y) in cylindrical coordJinar.es is ahowp in Figure 
10 J2. 
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EXERCISES FOR SECTION 10-2 

For til of Uut Mlo*tiL£ R*tfW 4 fijiJ -j. soIunoq ut m DWefcjH problem m ihi 
iSuinaiii indited 1h 3 1 ftt* tb= printed huundary films. 

1. PLrul [Ik fiifKCkui pu, y) Uut If) jurmansc en tile bortisoBidl strip 1 < Lmm < 1 and tus 
1lir hciundary vqLuc\ 

CI Jr 11^6 lot ail .:. I> - -3 for all x 

2. Fi r»d ihe fundiou Kx, y) ItiBl is harmonic in tne setsor & < Arg < Kii and hat the 
boundaf v vdiiL* 

((jr. vh =2 fm Arg ; = nrt, 0) = 1 fax > t}. 

3. Fmd itiLr iuii.-i3L.il *u. vi mat ie, tufiitaruc :i. the- annuls I |.;| -.' 2 m4 has the 
hnundiirv valties 

OU-.O-J , i - K *r.eo |j| -2. 

4. Find ibe htnciirjij ,v> thins is hflrmwiif i m ihc tipper b*lf plane lmt:t>0 and toi (he 
boundaf* values 

0) = | for - 1 < x < U Wj. 0) = 0 for | j | > I, 
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10,3 Pols sun's Integra* Formula for (he Upper Half Plane 
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EX AM PLE 10.12 hi nd the function d{x r y) that i s harmonic Ln the upper hid T 
plane ImUl > 0 and ha* I he boundary tatuea 

ill i a>(*. 0)-jt for -!<*<!, $(jt.O)-rj for > |, 
Sol Ution L"s ing formula ( I ), wc obtai n 

1,21 ♦"■"^/'.(TT^ 

y_ f 1 - rK — t > * f J vdV 
™ JcJ-> ft - /i- + r ' n J-Uff - f) 3 * ' 

Using techniques of calculus und equalions l7>. we And Lhat the solution in 
equation (11} is 



0U, y) - r- In ^ ... u - . + - AEetaji - - Arcr«i 



2n <* + I)* ■+ y* it .t - I ti i 4 i ' 

The- iunclion 4>(a„ v) is continuous in ihe upper half plane and on ihe boundary 
#jt. 0) has dFacuaUniiiEifg «| * = ±1 on !h* real as is. The graph in Figure 10.14 
shows this phenomenon. 




FIGURE t0,14 I rtt fuanb of a - #(*, y> wbLh eIu boundary values. oi>. 0) - .t f« 
|jr| < I and Cljr.O) = l> far |*| > ]. 



EXAMPLE 10+13 Hind $5*, y% harmonic in Ihe upper hall plane Inurf > 0, 
that has the boundary vaJues ftx.Q) * a for | < 1, d>H,Jc r EG ■ - 1 for .r. < - 1, 

and 0) = 1 fur i > I . 

Solution Using r&chniques from Section I0& ihe fuTuriion 
^y^.-iArel^^-iAre^^ 



^TSj T^n Vtf; :■ :"-: r X', V- 1 TfJ»"-t*b:' ! ?!i. 
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and ihe Amount Ut hear (lowing otll of Lhe lefl edge is 

W V - Hi Aft = -Air^ti j) + ITJ*. $ * M .+ ft) 4y = KTjfft y) Ay. 



I 



1 




Vl> + fl*V» 




Isonhrnntli 



(»> TV *««l*n *r hm Ik.w. tfcf Hcm flo* lin« mm! Ie«h*wa1i 

FLOUR E 1 0. 1$ Steady stale le in pera Lures. 



If we Add ib* cocmibuTKUks in equal ion* (3) n»4 lhc rosnii ts 



f# 



-4 



Ax 



In fl similar fashiott i| i\ found! that the contribution for the jmoutii of heat 
Rowing mil of Lhc lop and butlonn edges is 

Adding Che qualities in equations {51 and Lo}. we- hnd th.U the net heat lowing out 
of lhe rectangle is appro* i mated by the equal JOD 

f7> -tf I^U J> + >J1 Ai Ay = ft. 

which implies mat 7T(i f ><) sasisfics Laplace"* equation and is a harmonic funclian. 

]f the d&main in which TIE*, v) is de-fined i* ft-imply euriaecisd h Lhen a conjugale 
harmonic funciion 5(j£, v) exists, end 

is an analytic function . The: curves Tfa y) ■ flT, are called tnnkefii\a!s and arc lines 
connecting pwcnls of the same Lcmperaiiire. The Curves Six, y> = K 2 ire Caltcd 
AMf/tow Jj'tfej, and one can visualize- Lhc heat Bowing along these curves from poinls 
of higher lemperacure to points of lowet leiftjwtatunr. The Simmon is i Hum wed in 
Figure 1 0.16(b). 

Boundary value problems for sleady itate lemperatunes are realizations of the 
DinchJei problem whert lhc valve of thv harmonic function 7U, yiis mlcnWeted M 
the temperature at (he- point v). 
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EXAMPLE 1 0*1 4 |ipose thai, tv/ei parallel pS.anes are j^rpendiculai to the 
7 plane and pass through Ituc hDrizonliiJ lines y = a and y = £■ and that Lhc (emperaLUre 
is held cvnstam 34 rhe valines T(x, St) - 7i and TTfX, *) «= Fi KsptC rlvcly, on lh«c 
planes. Then 7* is given by 

CJ) 7U,Jf> = T, +■ §-^2 - 43}. 

0 — ff 

Solution Ft Ed reasonable 1o make lhc assumption thai S lie temperature al 
siJJ |Hiin1hoin 1be plane passing iJirou^h the liiw jr *■ „vo « eonsirmt. Hence 7Vr. y) • 
Ky), vherc fty) is- a lunation of \ .ikMie. Lapse's equal ion iinphes thai fly) = 0. 
mid an argument similar to [li;n j« Ex ample I (J. I will shew |ha4 the solulion 7ia. > ; 
■ kv: 1 1 > - ! ii iiu-n - isikii-i-n 

The isnthcrmals 3n>. y) »* a are easily seen to he Jwn/flniiil lin^^- The con- 
jugate harmonic function is 

Sffi, y) ■ ^ 

b — o 

and (he heat flow lines Sfx, y) «= |J a.re vertical segment* between the horizontal 
lines. If T, > 7... then Lhe Itcal Ho^s alnng lliese segments front the plane thnnigh 
y t a io iJk pJane through y ■ JS a-* illustrated in Fi&wre 10.17, 



I ■ 


H-H 


H 










111] 

^ 


L 


T * t T J 




rill 








1 1 1 1 




F 


\ -V(i,H = P 



r^ihtmifik 



FiGU HE 10, .1 7 The if mperaiute Between parallel planes wncrc T, > T T . 



EXAMPLE 10.15 Find the temperature Tlx. y} at each point In the upper half 
plane ImtrJ > 0 if ihe rL-rnp^aaure atonjj Tlie X a^i* t%ltef\&, 

(10) T[.i. tJ) = T, for* > 0 and T\x, Oj - T 2 for * < 0. 

Solution Since rfjr, y) is- a harmonic fund ion, this is an example of a 
Difichki problem. Fnnm F.nample 10-2 it GotEwx that ilie solution ii 

ru.rj - T, + ^-^Ar*;. 
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Hit istuhtnmais T{jf, y'l = ft ore rays emanaling from Ihc origin. The conjugate 
harmonic ftmrtkm is 5U, ■ {,IV*j(J"i ~ 7j) ln|z|. and llw heal flow line* 
S(x, v) = p air semicircSes centered at Lhe origin. If 7", > then trie I 
counterclockwise along the ftTfrMftfou shewn In Figure KM 8. 




iKHhemiak 
heal flc~ linrb 



.... ■ 



ri(ijtij=r T fat x<o ruoj-r, ror. T >o 



FIGURE 10,1 a The LEmrhrralurr 7}x m) in Ihc upper fraSf plane Wrhcre 7, > JV 



EX AM PLE 1 0. 1 6 hi m 1 1 hi.' temp? ratuTe 7'( j , .v) al each point in the jppcr halt- 
disk H: imiz) > D, \z\ < E if the temperature H points &0 ifiiS boundary satisfies 

1 1 2) TV, y) = 100 f of i = ** 0< 6 <: Jt, 
Ijfc 0) - 50 f of - L < ■ x < ] . 

Solution As discussed in Example 10.9, ihe function 
i( L - a ly 



(13} jj + fir - ■ 



ft + i) 2 + y ! " + J ix + if + £ 



is a one-to-one conforms! mapping of the half-disk H onto die first quadrant 
Q u > 0 r v > Q. The conformal map (13) gives rise to a new problem df finding 



1 14) r*K 0)= ion for k > 0 and T"(0, = 30 for v > 0 

if we ose Example 10.2, the harmonic funeiion T*[h, 0 pS p**n by 



C15> r*tn,¥)=lW4 



so - wo 



w » 100 - — Cretan - . 

15 u 
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SunsHluting (tie expressions for u and v in mapping (13) Into equation (15) yields, 
(he desired solution 

JCKJ | — j- — \r 
Tin. V> ° LOO Arctan — . 

The isothermal* 7^jr. ylj - constam arc circles thai pais through [tic points ±1 as 
shown in Pi£ure 10,19. 



I 




FIGURE 10,19 Thr l^hljic-j asute 7U. m) in a haJf-dhk. 



\Ve now turn out attcnlion to the problem of finding ihe steady stale temper- 
ate function 7U< .v) lttside the simply connected domain £> whose boundary con- 
sists of Ihree adjacent curves C-„ C : , und C,, where 7Tfo >') - I", along C )r Tlx, y) 
= slong. G. atuS the region is insulated along Zero heai flowing across, d 

( 1 & Ok >> f ft* = - lUfo » f «n*d Tfr ?■> = 0, 

where Wfjr. y) Is perpendicular to C q . This means that the direction of heat flow must 
he parallel to this portion of iln< oou 3 [da.ry, In other wwdg. C 3 muse be pan of a heat 
hi* hne. Bfc y) = constant and Lhe isclhermals T{x. y) = constant inurreecl C 3 
orthogonally. 

This prubtem Can be solved if we fan find a conlormnl mapping 

from D onto lite semi-infinite strip G: 0 < u < J , v > 0 so that the image of the 
curve C t t* lhe ray m = U, v > 0; lhe Image of the curve Ci is I hu- ray given by 
ia = ]„ » > 0: and the thermally insulated curve C, is mapped onto lhe thermally 
insulated segment f> < Jr < I of lhe u ajcas. as shown in Rsnrt 10.20. 




, .1 -'r'-tT^^iV^V r , . . - TT!7^Ll^^^.- .. - '■''^I'^Si'-F-'i'l'^ : - ■■ 



\Vjr.™ , 3'."**AtL' 



■ .\ l- IV.'.'.'C : "^-V 
^M, V ^.-i- , V.' _ 



... ■. /.'"if.taj'i ^ L T r 
-TP .■^J v v^^■ J .l , '- , ■ - h ■. 
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EXERCISES FOR SECTION 10.5 

1. Stiow thai MU, jf t $ - Ifv'-r + v 3 ■+ ¥ iDiLiika Lajriate's ■qptih oBlk _» H, h + 
W - 4) in. tlirE":-JlinEjixiH>nj[ Car1e*i»I» *p«e tni( Itind Iffjk Vi - L'^'V + v? rfnfjt i$pf 
3fltUF> equation ft,, - fr,, ■ Oil iwo-dinLensJouaJ Cartesian ipaet. 

J. I- in J LTlc IrmnEiaLuTC funuEirjn Hi, vl in inliniEK si ri p fcignfcil by 1tle In; us y — -i 
■rnd j. = I - jr tluL *aLisfie4 ibe bun ndary value* in Figure 10.31. 

1U, -xl - 2S fnr all .1, 




A Find ihc EfiripsranjEie jhniclian n>, yi in llie ftrtf nimdraiii j > D. >■ > 0 Ifral snEKIi=s Hie 
boundary vatitoi m Figure 10.23. Hmt: Use w - j?. 

7V, 0> - 10 f«.E > I, 

fy.OJ-20 &*□<*<!. 

7W.y> = 10 fbrrj«y<l, 

7\0,yl » 10 &w> > I. 



7 = 30 i 7"^ to 
FIGURE 10.?3 AcfompaiiJCi Exercise i. 



J. I .i-.! ihe trmpcnlune functioi J!*, yj Inside (Ik unil disk |zl < t 1ha1 sBCE&firs Ihc 
rxMindaiy valuca uiFl £ u« L0.24. Una. Uk h> - «J - - ;1 

ZTi.y) = 60 fbrr=««\|<tt<2ii. 
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i 



FIGURE 1 024 AcLrjmpunics Fxcrriis 4. 

5. rind I he luirifn.'! jLuil [uiilClliii Tfx. v) in- Ihc hl-inl iraiinLls v\:\p —JtF2 <■ X < JEJ?-. V > CI 
Itoi saiisfift ih>r hon ndo r>- value* iq Rpure 10.25. ffVttj; Uso ^ * tin t 

3^ , v J - tOO foi .y > U. 

7K» = 0 for^<jr<^ 

T^y i >■) - tUO for v J» 0. 



r- iot 



T- IM 



-n/i J- - ■ ■ Rf2 

FIG UHE 1 D.35 * :v<i T.|^nw)i BXcfcftB 5 . 

^ Find Llie IcmpuraLurL luriuCitai V.x. yl in [he ilonnuin r > | L 0 < ft< J( l|mS WtisflC!; Hlf 
boiMKUry h-jiIuci in Rpuie 10 26. tint: w - ftt - * g. 




r=<i -I 

FIGURE 10.26 Acc*ihpaoi*i cliWtise 6. 

fu. 0)-0 for a > I. 

Ifa. HJ =• IJ lurr < - I. 

m. .v) = 100 it"; = t n . 0 < 9 < jr. 
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7. Find lhc lempcTjciirc funaJoa Jix. jr) in ihe*famaaiB I < j-< 2, U< 6 < tt/2 -iliai sausficL 
<hu bnluitlary curwjjlcuru in EU|jiin: [0-27. Wmr Uir a = M>ff£ 

n.i, r|-50 far r - 2e".0 < e 
— = r,Lr. 0) = 0 fnr L < K 2, 

(TJT 

^-T-,(U.Vl-0 l0tl<y<i 




FIGURE 10.27 Accompanies Excrciif 7 

3. FlimI Lhfi sonpcraure function 7\x, >i in lIw domain 0 < j- < I, D <: Arg : < a ebon 
MlisHicMrii: bnundary cumiiJiuns Ln Figure (D.2X. Hint; Use w =■ Lftg z. 




FIGURE 1 0.26 Accompanies- Ejicrci w A 



lt*,0j - LOO tofft^i < l t 

7Ti.>-) = !TO far r = re", Q < r < I , 

— =H) fur i = r*, 0 < H < a. 
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5. Flint <ht ItrtLjierjCurL ruciuCimi TU y) in [he liral 4 u«HanL x ?> 0. <f > 0 thpt swtlisfie* Hi* 
tiitiifttil |d ftg*ri JO 2? Hate u« i» - Aresia s 1 . 

710>>> = -50 fen* > I, 

— = r.fr, 0> = 0 for D < * < 1, 

— - r,<0. y) - 0 for o < .v < i. 



T = -50 



3r ■; 



tPttitO- 



J r-joo 



FIGURE 10.29 A&Mnipwiiei EscrcJac 9 



I In Find rlie kmpenuyrc function n>, y) in ibc Infinite iirJp 0 < j < it <haa sauafiti iW 
iKKJOda^ KmdidMi in Kj E urir 3D.30. ffrnf: Use w = ft 

riCar. Oj = 50 fa™ > 0. 
TTjt, It] - -50 for* > 0. 



... i 



far* <(> r 



ii * i n n 16- 



(< Tm-X 



rfn 



FIGURE 10.30 AroompafiiH Excmsc ]0. 
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] | r Ftn<f ite lempcHhAT* Funclidr TU, v) ir Hie upprr hal F r^ane IrrMi) > -n thut xalftfdt Hi* 
bcfuiidiu^ traditions in Figure ]0,J1. Rlnti Use w * 3/j. 

TU, 0> = 100 for 0 < jt< ], 
7U.0>- - 100 ftir-l<*<(r. 



cm»i i 



FIGURE 10.31 Accompanies Ekcjc ire 1 1 



11. find inc- [tmperanirt funcnon !U r yt In the iiJii qubdra.ni .i > 0, y > 0- ular. (BfajSm Hit 
TUP.*) = -.Ml fci ri >3. 



r- -so 




13. FWUHf Wmptt*[uftfu«(i#it 

IM = 100 - — urrtnn 1 " * " ^ 
rt 2v 
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in lii* uijjkt haJJ-ilisk | :| < J. Jmfal > -Q, 5*iliw t|wL Lli* isvlheTmals TVi, j> » Ci art 
pwHonK ofciiclH ihiu pass [nrouy,h ihe pointB + 1 and - 1 as ill usirdiled in Figure 10,33. 




.i r«50 | 

FIGURE 10.33 Accompanies Eierct>e 13. 



14. FuJihL cciii[Kra.iiifcfajn:uciR 
T\r. y) - — ft=i Aiasia z) 



iti the upper hwFK plia<? [nH:> > 11, sfonw ihai \ he isatlKnnnls 7T>, jf) = u *rc portkms nf 
h ^perbolas that have foe i ar Hie jioi,ni^±l a-v iIImmuicJ Hi uut-c- 1 0./-4. 



f --7S 




T - ■ 1 30 



FIGURE 10.34 Accompanies Ettttbe i 4. 



15. FiDd ltic tempd-aiui* fitncUon in ibe puf Jon of tiie upper half plane Imu) > E> thir lies 

eulFl + ^d72 = ' 
and satisfies Hie boundary sondilions siv« r Ln Fijwcc 10 35. H\i\f Use w = Arcsm t 



- su fur (*; _*) ePtpK, 
= 40 for-l<jr<l, 



— = 7\u, D) = n when I < | j | < cush 2. 
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FIG U HE 1 0.35 AvcompDmeb Eicr;^ 1 5 

10.6 Two-Dimensional Electrostatics 

A (*wt)intei)!ii<inal etedto^Litk field rss produced by 4 system of chafed wires L 
plaLcs. and cylindrical conductors I hut arc perpendicular Id the 7 pliinc. The wires, 
plares, ttd cylinders ape sunned to he ao lon£ tltai the efteci* at tlw cud* can he 
neglected a* mentioned in Section 10.4. This sets up an electric held E(.ti. vj thm 
can he interpieted juj the force acling on a tuilt pus hive charge placed ui Lhe poinl 
{jr P y>, Tn she study of *kciru*[atii.-s- 1 he metier Add E(\, y) is slwwn to be cswwr- 
l urrve and is denviih-k from a function d>Ia, v'i, c al led the ulecirnsiath: potential as 
ex preyed by the equal ion 

$ Eft, y) = -gnd >•) = -« *». >■) - ^.x, >). 

If we make the additional assumption that there are no charges within 1he 
domain P. iiwn Gauss/ law far electrosiaik field* implies that the lint Integra! of 
the outward normal component of E^jt, >) taken around any small rectangle lying 
inside £) Is identically miD. A heunstlc argument ilroilar to the one for steady state 
Kntperanirei with 71K >) replaced by 4>U, y> will show thai the value of the line 
Integral Is 

m -l**Afi.y) + j)l A* Ay. 

Since lhe quantity in expression (2> Is zero, we conclude thai m> is a harmonic 
function. We let OKt. yj denote- lhe harmonic conjugate, aid 

Lh the complex potential Inert tn be confused with the eleelrosLallc potential )■ 

The curves o(j,, >■) — AT, arc called [he ajaififrieritiai citrw.t, add die curves 
y) = A* are called lhe tmm offtut. If it entail test diarpi- is -illowcl ri> move 
under the influence of Lhe field E(a\ v'l, Lhcn It will travel along a Line of Hun. 
Boundary value ptdWemt lot vk ponjiirial function $(.v. y) are macheir.iatica.lly 1I« 
same as those for steady slate heal flow, and they are realizations of the DirichlcL 
problem whef c the harmonic function is fi'.t. jij, 



"•'•V w *" y\ -v- ''\ •■ '■. 7.'.-':~'-- ■ 
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■. - :. -v 



Li It 



F1CUHE 10 .34 The cice i tw ftcU in a mmx lal i^Uwto * here ft < V , 



Using the result of Sample 30.1. we Me ihat is 

As, in Ihe discussion of Esumplc I CM 7. the so I u lion in ttic : plane La 



(10) ^#~:^fUtabfe# 

it 



Severn] equlpoietuial cvrv«s are shown in Figure 10Jf. 



• = -120 4*-«J t^D- 6-60 4-120 



4»JI» 




FIGURE 1 0.37 The ekcuic field produced hy lwo cJiar&cd Hal I pla*« ihac ate 
pcqMrHticu-lar Ills Complex plarv:. 
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EXAMPLE 1 0.21 Hrd Lhe electrical potential ft*. v> hi lhe disk D: \i\ < I 

that satisfies (he bound jfv value* 



(11) tfr y> - &> fcrimC- :*<f*:D<l< 



I- 



and 



♦(jr. v) = 0 tor £ on C, - - e": ^ < 



Solution The mapping w - S(z} - K I - tyz - J)]/{: - I I iJ a nne-<o-onc 
confortoal mapping of £3 onto me upper half phne ImdO > Cf with rhe properly ihat 
Ci is mapped onto the negative u urns and C 7 is mapped onlo Ihc positive u axis. 
The potcriiai v) in the upper half pi ww Ui»t satisfies the new boundary values 

(12) d*r..G> - «c ror«<:a and 



13) *irj L = — Am n- = — ArttiUi " . 

n it j< 



A straighl forward caJeulacicm *ho*silii»i 

Cue ~ I? + t.v- J) 1 - L "I- frl - Jt 3 ~ rl 
- I P + V s 



(M) 



T: : : r'l.ik-'HM 7.:, .■ i ^ti^r.^i, , . j , k -> :I I .-- ; 1 1 i_l l il - .. i i . : : I Urn nh 

SO I - X- - V 1 



. v\ ■ a in ihc upper half plane is a fay emanating from 
[he origin, and the. pre image $(*, y) = a in (he unit disk is un arc of a circle that 
passes Lhrnugh 1hc points L and r. Several level curves are illustrated in Figure lOJB. 




FtGUfiE 1 0. 3B Tlie ptitentlali * and * that if* diteusHB J in E-Mmjili! 1 D.2 ] . 
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EXERCISES FOR SECTION 10,6 

I. rind the ekcUniUMic Einl^nliil Ut-v. >■) telwen ihc twu cnaiial LyliiideTi r = L and 
r - 2 ffim hRS the boundury value* as shown in Figure ID. 19. 

4>l.i. vj = 100 stfien ]z| = ], 
*U, n = 200 v-licn jij - 2. 



FIGURE 1 0.38 Ai.i:ilfltpanjE4 EfctttLi* ] 

2. Hn.1 Il l ikffruM:ili-.- |n>lcnli^l : .<. i t in Un. np^i lia.ll plain- Inn.-' H ■ I ■ : ■ ■ sail Mm* 
Lhe TxHindniy value* as jtfiown in Figure ICk4flL 

i . CM - LUU fufJt> l 
40, U>- -LOO ffltJi< -I 





FIGURE Tu.40 Atnntipniitt &t*&K X 



3. Kind Lhc cteLtmstaJUC puH-'nliaJ u(jt, v> lb Uut iWi^nt-ilupcil rCgbOu (hat hu lOildc lhe 
disk | : - 2 \ < 2 and <Msidc«lu circle |z- 1 | =1 IfaHLftfixJiex fir? Snunilary values 
ii abo»n id Figure 10.4 1 . Hinr. Use k - I/;. 
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fti,y} = 100 fnr |- - J | = 2 t i*0, 
♦fx, v> - 30 Ibr [e - 1 1 - t, 4 »* 0. 

4. FiwJ Die ?5cci™i»1ic poleriial 0(jt, v> in Hue semi-infinite *1rip Htil.-^a xfl.y'^-Q 
(hat has fife bouttdnry values as sho* r* m Figure 10.42. 

*( 2 ' V ) "* U It,r 7 > a ' 
fejj - UK) fcrrr ^O. 



4 = ]W 



FIGURE 10 J2 ALutiiiipanie* F.^rcLs? 4. 



5. hnJ IhL- irlettruSLaLit potential *fi. yl in tbE toma-in O in the hjilf plane Rtizi > 0 1h»l 
b'ef to Hie left of the hyperbola - ?* T = 1 arwf Htisfits the hou.ada.fy *aLu*s as sfeowti 
i a Figure J 0.43. Ma/: 1Im»« Arcsin : . 



1, 



■50 fur ally, 
IU.j>l- 100 when 2^ - 
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PIGUHE 10,43 Accompany Kit,. *c f . 

i, Find the ctaLlmstatLc ptXenJial y) in Ibe inlinilc Slriji 0 < it< 1t/2 Ihal ntb&H Uft 
brnmrt*ry yjilut* at shown in Fteitrc 10.44. Hint Um*- fair z 

. = n lor nil jr, 

*w. v . = - im fcr ■. < o. 



♦ -n 



Hi 

4--I0Q 



FIGURE 1 0^44 Atcotnpaiii^i Ex eft Li* 6 . 

(a) Show thai the contorrriul mapping iv « J(;) ■ [2i - + 3} mnp& the domain 
D mar M ihc pcrriwi or rhc- ri^rn lu.ll (ilumr Rt(:i > 0 rhir lua tiiLtnot M the etrtle 
| E - 4 | = 4. (*i(n Ihc annuluK 1 < | *• | t. 2. 

(b) Find Hit eteclrastsitc poltMiaJ 4>Jt, v> id (lit domain £> 'fast Mulct itif boumliiy 
Value* shLiv>u m Kgiirn L0.4J. 

•CO. .vi - 100 rnr all y, - 100 when | S - 5| = 4 
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H- i'n> Stiow idii <hr rorifonnn] mapping ir — ifc? - U - 10)01* — 1\ enapi ihu domant 
U Uui if lhe JWflidll el [he dEKk fr| < 5 Lh«L Net ft&Ule lhe mnr|e :< - 2 | =2 
nrtln 1(k annulm I | * | < 2 
t.h) Find cbe deciroscBlic peienliaJ jfi in Lh* dnniaLn D ihai Mi&ftft Hie Iwooilary 

VftlueiatlHWil .n Figure 10.46. 

DU. y> - 100 »ten |;| - J, - 300 vtteit | e - 2| = 3 



J T 




FIGURE 10.46 Aaxnmpirtiei B^clft 8 



10.7 Two-Dimensional Fluid Flow 

Sunposie that a fluid, flow* over lhe C^Rrpka plane and lhal ihe velocity at the pornl 
z = x 4 jy is given by the velocity vector 

We also require lhal (he velocity docs rioL depend an lirue and dm ibe componetiiSi 
ffljjr, v) and flC*, ji) have cont innou* par-Hal dfcrivnu\ei The divergence of the vet tor 
held in equation (I ) is gtven by 

(2) divV^.y) ¥ .^vl 

and is a measure of (he cxlcnl to which the velocity field diverges near Lhe poifll. 
We ivill tvnsider unly fluid flo»s lor ^bich the divergence is zero. This is more 
precisely characterized by requiring ihat ihe net flow eIli-c?u^ I* any simply i_ L i ■ -- 
contour be identically zero. 

If we consider Lhe flow out of the small rectangle in Figure 10.47, then (he 
rate of uuLward flow equals the line integral of the exterior nonnol coinpOHtftit of 
V( r, y) taken over lhe 4nJes <?f lhe rcClongle. The exterior normal component is 
given by —q on the bottom edge, p on Lhe righ( edge, tf on thi tap tidftc, ami p an 
the fefi edge. SmegMUng and Selling I lie resulting nel How equal Lo zero yields 

(3) \['*'[pix+ &x.t) -pix. t})dt 



Kvj-ij.i ii '■■7\ /Ii: < .\\, ,{ lcm - 5UjA!P-^.^.:y^.i'."L\-i\i - 3Vi - ?»j^W-Fii':f'. 1 ' . . ■y-'S'&v: :< >* ^ :.i n"'\-. . ■■■^."^tVl'/Jf J/:? 



. .L'.v- ■ j-i-."^?-3i= .Sf^t 7 . : - ■ ■■- .ut ■ ;■' 
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is an analytic i 
<21> tMKfi 



the famiLv of curves 



i streamliner of a fluid flow. 
The boundary condition for an ijtul fluid fluw Is thai V should be paiuElifl Lu 
'.he boundary curve containing the fluid! (in* fluid Hows parallc] ta die walLs of a 
containing vessel), This means thai if equation (20 > is ihe complex pot&nda) fat cfci-e 
How, Oicn Ihr boundary curve must be .given by ipu, >',) = K for some constant JC~ 
rhat Ls. the boundary curve must fee a SCiWUnttae r 

Theorem 10,5 (Invariants of Flow) i^'j 

{22) Fitw) = 0 +■ Ffr(u t 

dtfrtfjJt r)je crtrtUjfcj (HHenSiui fur d ^liic/ /km //i cfoiniiin in lilt; h 1 f)fdfl£ 
lWpf r*- jAp w/OT-fn.' r'j 

{23) V,(ii, i-t-FKiSj. 

{24) » = Sfc) = **,>') + rv(*,.r) 

J.f flrtt-ronfint crWt/rtJ-ffldf Mi»flprjg£ /fHUn a domain. D in she z. plant Otilci O. 
then the composite function 

(25) F 3 (l) - F,(3i£>) - jO. *■)> + ff^^lfej^ 

j'j rte «wiy>tejc patential far a fluid few in D n-mtr* Shi velocity J.f 

£26) V^jO = FTtiT 





«55 



1b>Ph«! nomine N P ta* 
FIGURE 10-48 Tr,L' : nags of * ffwid flow uiwfer conforms! mapping, 



■KJ^HiW; m-f-.-.-.j: . ■■■ V ■ — ::l£*lfi&:ia££: j :.". : r .\' ■: \ ' : ^'li&rLLSMiKL 7. V f ■ ■: : " : V ^ ; j li^n. jJC^iT ■ " ..it ■ ■■ " 
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E X AM PLE 10,23 (. rmsider lhc compJes potential Fi.: } = \Atl K : - where A is 
a pas.btii.ic real number. Tbo velocity pnienlnil and sneam function, ore giKiv hy 

(33) +CJT. >| = ^ (*= ->-} and 

rcspcdkeEy. The streamlines ii(jt, >■> = constant foroi a J'ainiiyof hyperbolas with 
a*ymptoies aiong the cnorrtmate axe*. The veloclly vector V = -4: inOi^WS that irv 
Lhc upper half plane Em(z) > 0 (he ftujd flows down along the streamlines and 
spreads out along the jt axis. "This deplets ihe flow again*! a wall and is illustrated 
in Figure 1&39, 




To 



FIGURE 10.50 The flu.d flow with complex pmetaiiJ Rjj - 



EXAMPLE 1 0.24 Hind Lhe comple* potential tot an ideal fluid flowing from 
left 30 right across \W coajpfci piW and around Lhe unit e&Sls fi| = I . 

Sol urion We wi Ik use (he fact that (he conform*! m«ppit)& 

(34) W - 5fe ) - : + -_ 

maps (he domain D = |;r |;| < 1 ) onc-ta-one and onto the tv plane slit along the 
segment -1 S ii 5 2, y = 0. The comptei potential for a uniform horizontal Co* 
parallel to this slit in lhe w plane is 

(3J) tMrM 

where A is a positive real number. The stream function for the flow in Lhc m- plane 
Is Jj:u. i ; = .ii ao that the slit Lies along the streamline t) « L>. 

The Composite function Frfz) = /-'itffri) will delermine a fluid flow Ln the 
domain D where the complex potential is 

(36) FAz) = A\ Z -r ]■), where A > G. 



10,7 TwD-Dlmensionai Fluid Flow 



Polar cotwdinafe can he usatf to express F^zi t>>- ihe equation 

(*7> F&i - r + ^ con ft -l- W ( r - ^ J Mh Q. 

The streamline B) - Air - Ufj h<n El * 0 consist* of ih* ray* 
■ ^Sl- r > l r tt = 0 and r > 1, (I = it 

iitimp Ihe i Hn nitM' '■ - = M :i 1)1 l.h l> iM-llv v.\-n ■ hi- 1 lau mil tilt , 

r = L This shows tfinJ Uic unit circle can be considered as a boundary curve for The 
fluid flow. 

Since She appro* inial ion - A.\z - \*Z\ •* Az is valid fnr large values nf 
z, we Stt ittM the- flow ii appru^i muled by a uniform hurizuntul llwW wish, ^peed 
| V | = .4 at point* that aFe distant from the origin. The streamlines tyfcjy) = constant 
and i heir ntia&ei ^(jr. ^ = ctmswnl under (He miippiug w = = : t Eft it* 
illustrated in Figure 10.5k 




FIGURE 10.51 Fluid flow around a circle. 



EXAMPLE 10.25 Find Ihe complex potential for an ideal fluid flowing from 
lift kj nghr across the complex plane- and around (he ^tticm from -r lt> r, 

Soliittofi We will use the conform*! mapping 
(39) w - J - (I" ^ I)" 2 - (: + - 

where the branch of Ihe square rooL of Z = ^ ± i in each factor is Z 1 '- = 
where J? ■> | Z| r and 9 — arg Z, where < fug Z 5 SxtZ- The function given 
by 1*' = &t,z} i-s a ono-to-one. con formal mapping of the duiuaiu t> ton^isring nT ih« 
plane sin along Ihe segment x =0,-1 £ _u £ I onio the domain G consisting of 
(he iv plane slii along ihe sefmenL - 1 fini 1^ = 0, 



i'iV^'/W,". .'Jti T r!-"T '-v? ^fi'^'-ri. Ti \.**v*;m'S i .-* , i!t:r'^ \ .r.v. ..' v. . - ^jt^.i-.'i!'*' - :ftT&.' : "".".."ir ■_- t'":^ii. r r.!- 1 G - -w.'? , i" : 

tfl-iW^V?-"** Wi'X ■ - ■iv.'J^s.'jri.ii^L''?^: > L : L X ■'•'tiv ii-.j.:*' n ;--'^ r " J, -"i- L ^v -ivJ 1 - i^*v.l^WS!WP!.-- > it i W;**r'i f&f-tl^-.'Z 

■ -- ■ - Vto.v'i£#l' ,; - '■ "v".- -■'V'"" 1 •«"*■"■ - " : ■''!'■■!■ -tf* -"■ ■ ' iVuc.-Cit/jt'^i" 1 



.■^j-.v.r.^j.- 
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EXERCISES FOR SECTION 10.7 

t. Consider the ideal fluid flow where the compks. potential it F(:f = Ml +■ Ih). ^here 

X Lt EL pOiiTiVL r-.-j' unci: Mi 

fid Show thlt lilt vrfncitjf y«Un a| the point {l r ft), z = r&" Pit the unil nrr|e ii jjivcn 

by Vfl, ei - Ail - cos 2ft - rsw2ti>. 
(b) Jftunw Ihil the Vd (tity Vcckw V|[. IH U LatigutiL [u (he umk. ctafe 1 I 1 -"1 at aU 

jioh! ii cscepL - 1 aod t L H\t\f Show ihni V P = 0. where F = cos fl + i sLa 6 
<«) Sin?* that UK speed it thtc point It,, 0 J oit ttvc unit circle Ii given b> |V| - 

1A | sin A | iml lhz,l Ha* speed Jllaiivi line maximum of 14 al I pui rils ± i and ti HWO 
at the points ;] Whrie is the pressure Uic uremlesl? 
2. ih™ iKhl the multiplex jwceniial m pr* * u 1 "^ JcCufmLILti d« ideal fluid flow 
irourtd Ihe uni.1 circle \z\ = 5 whectf the vc]nctty at giDin-lx djxInrU fpcan I he nngin it 
ihven jppfOAimalely by V - Hui Li, Hie dir. ec Lion ad" the Sow fw laie.c values of ■ it 
inclined nl an angle O uidb ihsr jt his. a.S shuvFii in FtijLtre EtJ.SJ. 




FIGURE 10,53 Accompanies Exercise 2. 

|» Consider ihu titeaJ fluid flo* id die cbhraael bounded by 1hc hyperboEBK *y ~ L and 
*y = i Lit [be. Attl qUadMlil, Where Itie e&mpicJS poiemial is given U> FKj) - (A/2jj ; Sdtd 
A is* positive reR] number. 

I j I I i ii J I ^ -|-..tJ :i: u' i .ii ■: iJ . ..ii J ! i i U : : piU HI - : i ■ u- I- .1 u-.i v. •«■«.■ In- - ii\-!; 

-Mil in a ri i:i iii.n \jL.h:. 
tb) ^ere is 1he pressure grentcsX? 
4. Sbnw liiil liie vtreanL turU'lion ix give n hV iji(r, 9) - Ar 1 sin J& Itlr an idc-il fluid flow 
h round the BH£u[Hr .refioa 0 It < */3 rrnti cited in Fieure ] 0.54, SttcKh several 
Litiifi of [he An*, tfrrrr: Utt Ulfi- COrttOf eaal fOippirlg iv - (K 
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FIGUR E 1 Q.54 Accompany Exercise 4. 



fr, CoimdCi ;£il- LflVaJ liuiil l?0*. WltfrC (Ml complex puttnlial is 



flil - Az m - Ar"[ COS y -I j mii ■ 



7 (-f"-f). 



l-incl LKc Mrcjm lunclirjfi dtfr, 9). 
cb? Sketch several & Headlines of cbc flow in tins att&ufa rugi&ri Q< 9 < .Ik/3 
ca«d iff Figure ] DIS- 




FIGURE TD.54 AucwnpynieK Bumi-* 5. 



4, <af LkIA > <). Shrtiw llhil Ihe polenlial fljz) = Afz 3 + Jfe ! ) (tetemiiiifrs an idctl |Ei»i<t 
flow nramd ihc domnin t > L, 0 < 9 < sJ2 titdioBccd m figure 10.56. which shows 
[he flow ajtoind A Ciftl* In ibe HtkI quadriinL Mint. Use Ji C canrumuL mnppLrt^ 
W = 2 2 

(b) SflOW It) an iJtl? Speed aL [h* pam\ H. 8). i » rf" flu tlie quarter difte r = l r 

□ < < rtV2 is piven V = 4 ^ | iiin, 29j- 
(e) Dcicrni inc (lie sireem fujuctfo* fed Hi* flow aied aturfi several sErrartJides. 
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FIGURE. 1D.sC Accofnpauif s Rieklk ft. 

7, 3hc«v iliii F\i\ ■ sin r i > tbc temple* poleniial far Hie ideal fluid Row inside the seim- 
■rtfjutDe Stnp -tl/2 < ,v < JlQ. y > {J, as indicated in figure 10.57. I'ind die *ln±am 
fundi cm 




FICUHE 1D..57 Accuinp.mrcs Fibrose 7. 

t Let Mf - 5U) = -r[z ~ jjp - 4) 1 '' 3 ] denole the branch of I he inverse of i - tr f Irw ihar 
ji a ufce-[u-ufle ifia.pJHH£ of lbcr 1 pi a He atun£ Ihe SKgrnrnl - JiiS2,y = (l i1uH> 
ihr fcranini | *'| > t. Use the camples, potential F^w) = we " + (f^/H 1 ) in the ^ jiJane 
fc show chu[ Hi? compLc* jxiccjicia! » i eoi at - Hz 1 - 4| 1 ' 3 si it a dcinmitiex utu.- 
iddil fluid flaw ajciuid Ibc sejjnriH -I £ jt =E 2, y = f), where 1h= velycily it piOiljll 
distant from thr origin is given appro^i maiely by ¥ - e" r as shown, in Figure 10.59. 

9. in) ShoVr \\lul iht CQOJHCK pc.ieiilia.1 f ; iz) w -r Aicsm r dKlennirwis [lie IdtraE fluid Itnv. 
HwftiEh Hie aperture frwi — I tn + L as indic»1c*t m Figure FO-53. 
<"h) Show thm die iiieamline *| - e for ire flow is a pomwi of dtc hy jxm hula 

t cj*cu*m - i. 



v. .1 ■ ■. -f ■ ■ .■ : r ,v:"f.it. v.. ^.'.vrvi..'- .'■Jr.-: .■^■.■Jifj^L-'*.''^'- i ■ L - -^- .■■i..":;:7?OVi r --:'y.^. T *:^ f .■ ■.stt'.Ky.rr^Z- 
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region onto ihn w pj;ine slil aiong I he portion of the real .isle -2 £ n £ 2, and the 
points W t = - L W g = fj L Wj = - I . iind Wj ■ are mapped onto Wj • 0, 

H'; = 2. ivj - ft, and i»> 2, respectively. Th^c ihree compositions arc shown 

in Figure 10.6 1 



WmJfJ 




FIGU R E 1 0.61 Thd. eOiErpsKiti^i tiuppiii £!i Fnr J(D = J .(S_.f -J^rfjij. 

"The circle Q with center Co - Jd on (he i maginar y axis passes Ihraugb I he 
points = I ;,n,l ^ = - I and has rudm* r„ = Jl + ^. If we restrict [X a < I. 

then this circle intersects the * a. sis at (h* point r> with angle O,, = - - nrctan o, 

II it 

wiLh — < fln < -■ We wsfTt to iraek the image of Cn pn the Z, H'. and il- ptunes 

Fiftl. The image of this circle C*, under Z = 5,(2} Is ihe line thai passes through 
Lhe origin and is inclined at the angle d*. Second, the function IV = i>(Z) mac* 1 he 



■: . f : .i:i;i-t.M'h:vi: ■- ■■: - ■■ u: : . I ZTtt-rt&X.Jzt? ■ " -■ v. :, ^i*: :vJ*!I^iis^.i-" ■ ■ ::'^:irtSWv^mh.t.'S" 
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w = f{z) so Ihiil the line segment jr_, | < x < is mapped onto the edge of P that 
lies between lhe points h^., = /U}-\) Slid ^/ = /(Jt,). Since the anvounL of rotation 
is iIlCltii iiil-iI hv HTj; /V>, formu Ui {5> spec tries /■(.:) ]n terms oFtbe values jt, acid 
I he amount of rotation n, (hat Is required aL ihu nentx fUjh 

If we let Jr fl = and x„ = <lt*rt h for values of t lha! lie in Lhe miervaL 
jtj_l < i < $ Ore amount of rotation is 

m MgfW = arg A — ~[o:| arg(jc — jr,) + a-, artf* - 

B 

4 ■ 4- tn,., nfg(j-.T ft . t )| 1 

Since A/ S fA - jt,) - 0 for I iK/mt) Argfj - *,) = ft for j Sri.t'- L 
wc can Write gallon f*> *4 

W arg/^'.l) - JUg A - a; - , L - - - ■ - «"-!■ 

The angle of inclination of the langcD! vector Tj to the polygCMl f 31 the point 
W = /(Jf) for jj. i < * < *j Is 

tL0> - Arjj d - re, - a,. 5 dt.i. 

The angle of inclination of the tangent vector T^j to the potygon J° 5f (he pOml 

w = /(!•) for *j <*<*,:. , i» 

CUT Tj-i = Argd - CTj.i - a,. 3 - ■ ■ ■ - Ort_|. 

The fthfle Of intimation of the vector Langent to. the polygon^ jumps abruptly by 
the amount a. as the point w - /(jej moves alemj ifye side n^- 1 i h rough rhe vertc* 
h'j if> tlse side wjH#jf-i- Therefore ill? crttcrior aogte 1o Lhe polygon P at the vertex w f 
is given by the angle u,- and satisfies the inequality - it < « , < r for jf 1 f 2, . , , , 
J* - L. Since Chf sum of lhe exterior angles of a polygoo equals. Zft, we have 
□Lr = 2S - tt, — ft 7 - - oc^ i so that only * - I angles need to ha specified. 
This easewitfii) = J is indicated, in Figure 10.70. 




FIGURE 10.70 A SchwuT-CbristoffeJ inappiug wttb 

H - 5 -Irf O, 1 fin * - ■ ■ + qu > R. 



372 Chapter 1 0 Appl i cations ol Harmon k Fu netiqn t 



Jf Lhe OLSE tti + ft; + ■ ■ • + ft^-l S It OCCIHW. Ihrn ■> H, hTIUI Elic vertices 

Wi, W2 cannot form a dosed pnlyaon, ft>r this case, formulas <5) and (*} 

wil I determine it mapping hum the upper tialr'pJjUie \Mz) > 0 CsvLo am inhnilr region 
in the «■ plane whtie the vcnei w H is ar infinity. The case, if <*- 5 is; illustrated in 
Figure 10.11 




FIGURE 1^.71 A 3diw«r7-Chri*iorfel ms-pnins with t\ = H and 

a L + ctj -+ ■ ■ +a,Si. 



Formula £6) gives a represeniaiion for/ in terms of an Indefinite integral. It U 
imporLunL Ui nutt that these inlegraEs do no! represenl elementary I'unnLions unless 
thi image is an inftnhc region. Also, the iniegjat will invoke a nmki valued f unci ion, 
and ii specilk hrflltch tnusi be selected Lo lit the hotmdiii? wUte, specific J in I he 
problem. Table ] 0. 2 is useful for cur purposes. 



TABLE 10.2 iKftelimte im^rais 



/3TT = ^- = i ]oe (^l) 

J (I - I 1 )" 5 <fc = k-<l - + irtsin t] 



1 + + l)« 



= - 1J W + Loe(,-+ f; ! - t) in )| 
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E X AM PLE 1 0. 26 Use Lhc Kch wara-Ch rinioff el formula ta verify that e|ic func- 
lim w « /{il = Attain z maps lire Upper half plane lrn(:) > 0 onlo lire semi-innTuLc 
Strip -11/7. < if < It/2. ¥ >0 shown in Figure 10.72. 



Fl SURE 1 0.72 The region in Example J O.M. 



SotUlion li we choose x, = — ] , x ; = I , w \ ™ — tfl r and w : » js/2, 
then a, = j&j ard -n/2, and eqetttai (5) forftz) becomes 

02) - Mz + - \>jt*®i - ~ -. 

Using Table 10.2 we act that ilw soluLion so eiiuaiiou ( E2.) || 

(13) /{?) = Ar Arusin E + ft 

Using the image val jcs- /< - L > - - it/2 and /( | ) - */2, w* obMin Lbe system 

(14) ^"^T^* aiyJ | - * | + ft, 

which can be solved to obtain B ~ CI and 4 - -j. Hence the required fmnciioit |a 
(li) /te) = Aresin c 



EXAMPLE 10.27 Verify thai w - /<z) * ^ - l) 1 ' 2 maps die upper Mf 
pteat IfflfcJ > 0 VtttO Eh* uppef hall plajre lrrH>) > 0 ?LLt iiong Ihe segment from U 
in I . 

Solulfon It we choose .( i = -E r .v.. = 0, .m. = ] . w, = -d, w 2 = i, and 
ivi - ti, then we sec ihai the fnrmula 

l]61 g'(7) = Alz + l) ^^;)'"^ - 1)""** 

will determine a mapping tr = g(i) from lire upper ^iilr'piune lm(s) > 0 om<> lire 
portion oi 1he upper half plane Im(wJ > 0 that lies outside the liiangLe with ver- 
tices ±tf, j" as indicated in Figure ]<V73(a}. If we let d -> 0, (Nrt h>i -» 0, Q h 
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a, *4 7U2. a; -» — ji, and «i -» ji/2. Thf limiting formula for the derivative in 
equation (16) becomes 

[17} f'(zt = Alz + L)-'^)(i-l)- w . 

Vvhieh will ik-tcnn ine a mapping w — /(,£) from [he upper half plane lm{^) 3> U onto 
the upper half plane lm(w) > Otiil from 0- no r as indicated in Figure l(l,?3fb>. An 
easy enmpuution reveals 1hal/(-) isfLven by 

tifffiU baandaiy val isck /f± fc > ■ 0 and/(Q> - j lead to the solution 



— — — 



FIGURE 1 0. 73 I'he :£ & ,on<, , n Example 10.27 



<b> 

i 



u = -n 




o = *^ 



EXAMPLE 10.28 s ji i h*i the lu nmi on 

I . i ] 1 + j 
( tv n /i;r ™ — Arcsin - + — Arcsin - -+ 

rc rr i 2 

map* Lhe upper half plane J m(z) > 0 tftilti (he ng hi ant I r <l]i n n net in ihe ti rii qUadranl , 
which is boarded hy the erm t di rsaie axes and Lhe rays x ^ E, y = 1 and 



j s= = I in Figure 10.744», 




..bi 



FtGURE 10.74 Tltc fejiuiii nt trample LW.2&. 
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Solution [f we choaw *i - - I, *j = 0, ft = L. >*-, = = J. and 
r„ thcr Ihc formula 

will deierrniric a mapping of She upper half plane fuiio rhii domain indicated in Figme 
I0.74|a>. 

If we Lei rf-f^, [her a^-iii and a, - k/2. Then Lhe limiiin^ fOfinoll for 
die &rivi&* la equal iun <21l Iwoiiks 



'i (!+!>'» "'jt^-D'" ".II- 

where A — "Mj t which will determine i mapping iv ■ from the upper he If 
plane ontn ihe channel as indicated En Figure 1 0.73(b). Using Table 10. 2, we obtain 

= A arism ^ £ ? hjesiu - [ + B. 

II the principal branch ni the inverse sine function Lh uned. Lben the boundary values 
/(-t) • 0 und/fl I - I t r lead [tube syjiem 

which ean be solved to obtain A - J in and B - (] + (V2- Hence the required 

I i I 1 + J 

(24} w ™ /(£) - *- Afctin e + - Arcsin - ■+ ^ , 
it it ~ i 



EXERCISES FOR SECTION 1<h9 

1. Ltl lj and be real L^niaCartli iVilb (It'S^ 2. Use Ihc Stbwarz-Chnstriflel formula In 
nlnnw tbaL Hie fu.nciicjTi w = /(z) = (; - dj F map* ihe upper haJf plane Im[s> > 0 onto 
the sector 0 < are, v < ATk. sThwji In FIbuk 10.75. 



■ 




FIGURE 10.75 Acur.imjuni.fs Jvaapdjoe J. 
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J, l.el tr he a. peril emiatnnt. K ": ihe Schwan-dinicnrteL formula u» xhm*- lHj[ ihu fuOLiiLun 
w ~ /it) * Logit - a} m-ips- eh* upper half plane lrn[z) > 0 onto lbs infinite sUip 
0 < v < n In Huurc HJ.76. tfjnf: -Sdt jt, - a - l r - d, w, - j'lt, u-, - lltd lei 



H' L = IK 






* 4 * 



FIGURE ID.Tfl AocumpajiiLis lisermsL- 2. 

3. Use ihe ScrnMirz-Oiri-rtoffcl Formula to &1kh* trmr 1hc fund ion 
* -/UJ - ^(ir- - 11'* + Loijl* + - !)'«]] - t 

maps thu upper hall pJUir «U& Utt dnduhi indtCaMd in figure E0.77, Hinr; Set 
i. = - I . t; = I, tl'i = 0, nn.5 ii'. = -\. 



— 4- 



... 



-i A » - — 



FIGURE 1 0,77 Aecorupame* Enrrci w 3 



4, L'w llw 5ichwpr7-niTi^nfr«> fcirrnul:! !^ xhuw StRl Lhfi luncthm 



U 1 - + 



rrHtps Ihe upper halF plane onlo she fkranniio iniiicnced in Figure ID, IS. ffini; 5ei x. 
- - I.*, -G..T, -*,-]. and *j - -jJ bod let d 1 *, 
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5. Use cbc Sehwar i-CbrisLoffe I forrniik to show iliai inc. fuiKtioji 
if -/« = tM^ ~ \i = 1*bH? - 

rqupS Hie upper Mf plane [m^f > (1 (mtn Ihu tiLlimle sSnri 1) v < JI ultiag ihu fly 
u £ 0, v - nte, ace figure- 10.79. flwif: Set .k, = -l h j, = Q r .t, = L v, = is - d> 
tv, - ifI/2, iaJ to - -J iiml lei d -t « 





r 











FIGUR E 1 0.78 AcMiupMiifli E,k* rdat 5. 
£ Usl' ihe SttSnnra^CfiriscofffJ formula Id show iSd Hit *uf.ciioa 

i, = /(-) = ^Sjj-pfl - + AiCHtv ;J 

miiTM rhc uppsT T.i 1 1 piant on la ^he domain ind>r.ale4 in Fjjjurr 1 0.(50. Hint: Sel 

A, - -1, X; - I. -" I ~ I, "Hi Wj 1. 







1 




» 2 = -1 


% 


= ! 



f I GURE 1 0.00 AtcatnjMinef. trcrei se a 

7. LTse the Sehwarz-Cbtisbu'lTe-l formula la show thai Uie functiofi w m f(i\ - z ■+ log ■ 
mj.pt the iijiriui Ei.lI T plnnc lm\z') > U (Hitn I Em upper Ikalf plane l-nnhrj > 4] kIeL alung Shu 
tay a — l h v -™ Pt, shown in Figure 10.81. Hinr; Stt x L " — I, a 2 = f>, Wi ■ — I + rn, 




FIGU R E 1 D.I1 AfcompHn^s E teeth* T, 
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8, trf ifte ith^uii C Imsiuru-l ['oijiiifl* io- thaw [hac ihe finicLion 

I - [; 



-+ ft 



naps ihc upper lull" plane uuuo ihe donuEii md^aied, in Figure 10.82. Winrr Sc1 
^ i = - S , j; = 0, = in, j.nd = - And lei cT -f ™, 




FIGURE 10.82 Accompanies Ejscjcjsc S. 

9. Show ihai. <bc- rmicLLtm " /(fl *iz~ I y 1 1 - osft I — ra) | 1 maps [he upper half 
JjiSUE ImCf) > U Lirvki [hi; upper half plana lm,fj > 0 iAU aluajj [ha hujjEitcnL hum Q [0 
is shown ttl figure 10.B3. Mnr: Show ttut/ r (i> = A\z + (1 - u>/«| '<;Ke - I)" 1 . 




FlGUR E 1 0.83 Accompanies Eatrc-ise 4. 

16, Use ihc Schwm-Cririscotiel formula to shorn ikbi Hie fmieUcu 

w-fit) -Mi* D' 4 + Joe 

mips ihc upper half plane onto she domain indiciieil in Figure 10.S4. Htm: Sel 
i| - -1. If - D, ht, « A, and iv : -= -d jtfiJ* lei d -t- Use [Ik change of variable 
£ + I =■ j* in the fesuEring LiKejuik. 

t 



n 

FIGURE 1 0.64 Accompanies Exact* 1 0. 



it + iy m + 1 1 



- j log 



If" 1 
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31. Uw ifric Ser>% hi;/-Cliriscoffel formula 10 vhow chat ihd function 

rnDjP llie upper half pinup nnio tt*r torrain indkaded in Pipiir 1 0 - ffwt: Sr( t. = 0, 
j£i » 1, in lT, ajid tib » J afld let d-*Q. 




FIGURE 10.8S AecompitJiJei Eft.ctti.it 1 9 



II. Shaw ihai LIm I'nrimcxi 
f * 

rrups [he upper rtnlf plane lirH:) > 0 milo n riglii 
;i: ■■: .! ' i 

StiOwUliU Ll*! function 



ivuh angles nO, m/4. 



if = 



J il - j 



r)-' 1 



maps trie upper hdlf plane onto an equilaieraJ iri.n^ie. 

1J. Nfi- ■■■■ I'l.i: lIl-l; IuwUoii 



(r- re- 
maps the upper h-nhK plane <ffl«n a wpiarc 
15. Use, tlie Scriwarc-Chriiioffel formula l& chow char, due function 



h- - 



I - i:+ ti 



1 + (z +■ I)' - 1 



i]iii|xt ibc upper tulJ nluriu hnirl U unU) lEit! tkmiJLn niJcLalcit in f'jglarc lO.fMi. HrirS: 
Srt s\ = - 1 . n = 0. r s = I . i. , = 0. 10 = J. «nd nis = - 2 Irf v'l - 1 k + i* nnd 
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IS- Wriie j report Lin t\tu Sdiv. urj CtitisU.urtl Er^ii^l(ninaainii. Include ideas iiciJ f Aujiipbei 
not mnilrencd in the lent. Resource* include bibliographical ilcnxis 93, [5-9, ami lfrl 

10,10 Image of a Fluid Flow 

We hjivc u heady examined, several two-dLmetn»iori«i fluid Sows- and have discovered 
thai the imiLgc of a flow un tier a conformal transformation is a Flo^ . The ccni bnnal 
■napping w » /"(;) = aU. fl + r'v(j(L ». which is obtained by usinfl 1r| e -Sch warjt- 
Chrislollel formula, will allow us to find the streamlines fur Hows in domains In the 
w plane thai are bounded by straight line segments. 

The first technique is finding the image of a fluid Hawing horizontally from 
left m right actos the upper half plane imfj} > 0- The image of [he M*reans!irio 
-□a < ; < ^_ y = f be a sLreamlitic given by lhe pnramelrii: squatiOnS 

Hi u - u(y, c). V - f(J. cj for -» < / < « 

,md will be orienced in the counleirlocltYvise < positive j sense. The streamline 
k ■ n(t. O). v • i<f a 0| is considered io he a boundary wall for a containing vessel 
for (he 1 1 uid How. 

EX AM PLE 1 0.29 Consider the conform*] mapping 
12) h = /(*) = - 1 Y c + Losfc f t;= - I) 1 ")], 

which is obtained by using the Sehwara-ChnsSoffeE formula. Io map the upper half 
plane lm{z) > f) onto [he domain in ihe u- plane ihat lies a hove the boundary curve 
consisting of the rays « S 0, v = I and u 3: 0 h = 0 md Lbe segment u = 0 h 
-ISVSO. 
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The image ol' hnrizonJal Mrcamlines in the ; plane arc curve* in ths h 1 plane 
given, the paniiiwlric v-quaEiun 

(3) w - /(J *fc)='(l : -r'-l + fififj^ 

* ^ Loglr -fir* 1^-^-1 + r"2rt) lJI | 

fflt- - ==■ < f < The new flow is ihac of a siep in <Jk bed of a tteap stream jmhI is 
MLuiUMtL-d in Figure IQ.flJfiO. The function w = /fa)is also defined for values of; 
in ihe lower half plane, and the images of horizontal &1fe.antJinef- i h^r lie above or 
belo* die i axis arc mapped onLu streaml i nea thai ittvw past a lung rain ngu Uit 
nbstaclc. This is illusifateel in Figure lu\S7(hJ. 




HhFlwowrasIsp 




rt>"i Flnw around ■ blur* nhjen. 
flGUfiE 10. B7 AccdmpBnies ]]Anmpre 1 0.39. 



342 Chapter 10 Applications of Harmonic Functions 



EXERCISES FOR SECTION 1<U0 

For Exercises l-4< use ilie Sch» DF^-Gnriscofkl formula id find n coaformnJ innppin^ 
iv - / (z't Him #W map the flow m (he upper huJf plant luki t J > 0 OHIO ita daw indkjlcit 
in »ch oMlic- folding figures. 




FIGU RE 10.JHJ ALCoimtsiisiLiii Ekei I . 




FIGURE 10. fi9 Accompanied li:ucn.-i:ie Z 
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* 

i b» J-W irnund in .nc lined Hume*. 




<b| I I. v. anninda V-jhnpr. 
FIGURE 10.90 AjfCQHipaniCi EiifeLw 3. 




Plnw mer j. dun. 
FIGURE 10.9-1 Arc(nnpBniceEiwctBe4. 

J- Ubc l\w Scrkvarz-Christoffd fonnuli. and fimt Jin expression For fat the UBnsfor- 
nLaLii.ni -,r - Llul v. iJL min* llie UJijjut J\iLE pLadfi Jindl > U unLft line ISdV- iiidujuLrJ 
in Figure lO.Wfn). Emend the flnw Kf Ihc one irwlieaifd in Figure 10.92(b). 




(h> Flnw rand a [Hi i cued a hj en. 



FIGU H E 1 0 42 Att&>#fe! Exwciae 5. 

10.11 Sources and Sinks 

it' I he two -dimensional molion of an Idea! fluid consists of an outward radial flow 
from a pain i and is symmetrica] in all directions, ihcn Che point Ls called a simple 
murre, A source at ibe origin can be considered as a tine perpendicular co ihe £ 
plane aJong which fluid is being created. If die rate of emission of volume of fluid 
f«r unit length is Jnrrr. lhen ihe origin is said in he a source of sirerijjth m, the 
comptos. potential for the How is 

and the velocity V fli fhe point (j, >> is siven by 

(i-i Vfcy)-r(i)-=. 

tor fluid flows a sink is a negative source and is a point of inward radial flow at 
which the fluid is considered to be absorbed or annihjJarcd. Sources and sinks for 
Hows are ttluunried in Figure 1043, 



'^l^fj^fv. ^jiHt^-Wa ^t*j41ifj3-''^ 



■-<■■ ■ ■ v ^ ■ ' K ' ' ' v ■ v- ■ ■ £■^*■.V■■.v.■■■s^J^^■.^.^ , ■■ ■ ^ 1 ■ vrti'-'irfiffif^'s ■a.Tur-' "■.■■•'■■ p : ■ iisa&&s-ist : fi~ 



^fT-"=f : . , Ji : .".'7 3-. -if-. . . . - K'-'i-ii.n'"^ : . V^; 



f.-ic _L--ii" iV"*"- " ■ ' :: ■-■ Li _ _^ J : _ :i — 

■ ■.: n-.i-iiv iVAfi- ' * ■ ■ -■ ■.■■rj;i.i?. { :5!r!-a".-" _ vt^; sv.^jw.- ■- ■■■ u^.iusm^.v ■■■■■ - 



: . ■■' -J 1 ':■ : ■', ."■ttf'HWZ&.'&f-. J' ' v ■"■ v ^ wws^iTl^Ki:- ■ -" ■■ ■ IVJJO lA^i'&lx.ZiSL.:'': ■ ^^SfJ'yjF^Oi.' 

vv^fsvf&vx rjiK^^T. -L-^iLi^iraf vwa^ ':r . ' ri^'^owc; 1 .j* ■ .- v. s/cas*« w/i- ■ .>\ r ." 
■ ■ - — ■ .'-"'"-•«■ 

,7: V7*y ■■!•*■■: S'iV: :T vs vK(\ - j^ r r_ -- T, v.- i d>j^':.vV7**fi.YiqJi.v v; ;' *i -v. "-yt: v'^.^/^-:iiHiSi"-i€;T^T 'jT : ■JT'i'Y^ "■t-ius? Jia/J3asBii;H:T. 
' . ■ ■ ■ -it .^&?i^^ r !3'H7..? r r*:-^ : ,:■:■■:.'-.■£ ^:^•■ , Jia^;&T^?m^??i ■■; ■■■^.t ^.V^jKmtfJtfKnSJTS - :. ■' -'- : .-^Hs»>-A-a^rt , tjr - . 

:■ -^>rr(v^.-Xf.\^: -. ■■*>■ -i ■■ ■.- ■.. ■ c^Kuii-i-.sfiaii'Mf: '• ■■ '■ .^liriirjSijaismsr^r— r^ -. -n,^ ;■. ^ ie^,Huwi/£aq&;^~.- r ■ ■- 

*^SKi?J v ; : "^' L .J".."iwr«"i?**f !ija:s"j i( ■ iiMif.'^ 1 Li. J 1 .■■■{'■■ ' \ J i , jm9E;2J 1 ~aJt'^i-^. T A. 1 . jl^I'yiCuJ 

.vis rvi 11 1 " n t-v^ < ~ ■■: r. ■. . v. ■ j \'. a ?■ : '-^ is it. ■^ v ' ^ ' , - ; j — -v ^ ^. ■ : ■ .■ .■ *■ ■ . ^icf ?. f.v-?: w ^ . k . .■» ^ . ^ . ^-.\tp-i ^.-rTiYr^-; r^- ,-y;is 

r-I.'-ij'.r.'r- "ilaE'SJi'itTilt^STJT'i; : : r ■ "■^^■^^■■'jC'-v;/; T'. , ": ■. ■£>:->.^'VfTi! , ';'<; f L /.^.i^v '^r ■'- K i"Wj^ , ft:IfcM!ir ^T" 

r^nEIr^; 1 : I**.-*- -T.'Tr?^? 1 ' ;■■ V.TWirtv;.'^ "■^Jc^. v.: ■ . ^ 7 : '.:'. , _. , ^:S)fAS7 , ^ , - 1 lSLL^; 7<— "■ ': j-ij-.-SIift: 
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U S - i, l> -< 0 and a > 1, |r - 0, snd the image i if the Source at : n = 1) is a SCrartc 
legated a< n„ = 0. It is easy Id sec that the complex potential 

will delermme a fluid flaw In 1hc k 1 plane past the houndaty curves u - t. v = 0 
and a 2: |. if =• Op which li* along Streamlines- of the flow. Tticrtforc the cflmpkn 
potential for the fluid flow In (he infinite strip in the ; plane is 

(22) F4z) = Jog(Sin & 

Several rtreamlin** for the flow are lllustnnieu' in Figure 10.96 





III 














i 






1 


II 



FIGURE 10.36 A iuurcB lfi (kit center of" a jUrip. 



EXAMPLE 10.33 Suppose rhat the Jift« x = ±b/2 are Considered as walls vf 
a containing vessel for the Huid flow produced by a. source of unit strength located 
at tk point ;i = and a sin}c of unit strength located at ihe point zi = -n/2. The 
COflfbrmat mapping v = Sfo) = sin ; maps the innnile scrip bounded by the lined 
jt ■ ±SJ2 onto due n plant *ttt alonj the hrjtfndaty titys fl|K s -1, v = 0 and 
ffz: if ^ I, ^ = 0. Tile invade uf the source at £| is a source at W| = L r and the imo,gc 
of the sink at is j sink at w 7 =* - t. It Is easy io verify rhar. r.hc poceniial 

will determine a Haul tlow in the, w plane past the boundary curves ff| and A' : , which 
lie along streamlines of the flaw. Therefore [he c emptes, poierttial for the fluid flow 
in (he infinite slrip in Lhe z pcarie is 

\ sen : +■ 3 / 

Several streamline.!; for the flow are iHusrraied in Figure? 10,97. 
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FIGU E 1 0.97 A HKircc and tirik on 1he edge* of a strip. 



Intf Kxhniqiie nl transformation of a source can be used io determine- 1hc 
effluewe from a channel extending from Innnuy. Tn rhi>, e.use h a ccmiformal mapping 
= i"ir> from !hc upper half plane IjiiI;) > 0 is, cnnitrucLed so dial Lhe single source 
located in = 0 is mapped io ifce poim wa at infinity thai ties atong the channel. 
The streamlines emanating frran 5, = 0 in Oir upper half plane are mapped onto 
jstr-ea ratlines issuing (torn 1 he channel. 

EXAMPLE 10.34 Consider (he cfMifoemal mapping 
f"25| if = A{~) = - ]) ■- + Arcsin |j r 

which maps die upper half plane lrr.irj > 0 onto the dofFiain consisting =oJ 1be upper 
half plane lirHw) > 0 joined <e the channel - 1 ^ w s t. v s 0. The point ^ = 0 
is mapped onto the pcimL H o = — r« along the channel. Image* of (he mys r > 0, 
6 - « art streamlines Usuing from the channel an indicated in Figure lf).-Qfi. 
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EXERCISES FOR SECTION 10.11 

1. L<1 1he ewwdinsle aaes be walls of n confining vcswl for n fluid fto* ir ih= ftrsi 
quadrDDL Uul in jwoducol bv J ■Obh» of uitil stren.u:h JocakMl it ii * I and * si nJc of 
umL sit*nn.ih k^t^d ai £j - j'. Shuw ibm <= k^fi 3 - I yf:> 'i I >] La ihe timipk* 
potential for the flow shown in Figure 10.99. 




FIGURE 10.99 Accompanies Exercise 1 

2. Let the coordtnaLc a.iH bL Willi o( ,± ^ooiuLiiing vessel so: a fluid flow in the firs: 
quiilrnnL llial is pfndiJDSiJ hy Ivra spurCM df eqv*\ ElTEnjtb lncalorf jjjj tire pumls i| t* I 
mid '..2 — i. Find Lhe complex potemial F\.i'jr lor ibe Row in Figure 10. 100 

3l Lcl thL LliiL-i jt n U and jt tt pc/2 J«rin Hi* walls of a LuiHaini ill: Vessel Sta a Jlujd flow Hi 
the infinile flrip 0 < t nt2 Mi.n ii produced b>- h wngk snurte loured »t iJie r-">in[ 
m - 0. Flihl she eomplex potentkL for ifce flow in Figure IG.IOJ . 




PlGURE 1 ti.1 00 \LC4>mp;inte!4 Ejictl iss 2. 
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W/JJ i 












\W 







FIGURE 1Q.1Q1 A«ompajij« Esereise ?. 

4- Lei 1lic ri>"4.r ■ 0, y > 0 and < - n, t 0 and tli*r *u gmem: ;»C,l!<i<i form iliu 
waJJi tiJ a. L-uiibiuiiDi; v^nul I™ i ILuid flaw in i|ic swni -i n-finhe slrip 0 < .a < n. > > 0 
that i« produced hy (wn souices of equal ilrenglli located aL Ihe pcrnm i, - 0 and 
- S. Find Clif C0iH|ilen pOUsiiLml Hit II uv, innYtn in rijuct |0. 102- flwf- irselhe 
tot shu lijtfltfl + 7] = Jir(n^2 - z). 




FFGURE 1 0.1 02 AccoiTujunies Exercise 4. 

■ 5. iht ^ is is he topsideicd a wall of si containing vessel For a Eliiid flow in llie riffrl 
Mf plane R^ij > 0 it>M is produced by a Single, sconce located al She potnl i*. * I. 
Find (he complex pcJcnlia] Forlhc fltw shcuyn in F'ifiUJt L0.3Q3. 
6. Tile crjO:|jlc!t pratniial f\z) = \?Z llettnmintJS im elcclrvsljllic lieki ih-H n jderred W- .1 = 
arfipolr 

and CnliLiuiJu ll:.H a lI: p^-l-.- is thu linslin^ca^n o| 5 Nijurw ami Sink, 





FIG URE ID. 104 A«:iini|i:inira Exrrvnt f}. 



(h) !k™ itui i he linen nf flo* n dipolc are <trt\ei \k*i pas* <hmu*ln itic- orif in is. 
sho^nin Figure t0.104. 
7, Use i Schwqra'ClirixEiiffel Irjm hernial inn tn find a ron["-r>rm*l mupp»[^ = 5ul Itial 
will imp Dhc flow in Ok upper half plflir orelo (Ik flow from a channel mio a quadrant 
aiiftdlieflKd In Figure 10. 103. 




FIGURE 1 0.1G5 Aecornpin Ft* Eacrckc 7. 
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& Vit * Scliwarr-CJiriiicofTd i»ns1ormaliori to find i codfornnal mapping u — _S(;i thai 
Will 3is:ip lliu lluvr in MKT u]i S iut lull plant toUu the ISum- r'rflm j fludrul iiHu a seciM as 
PMficflicd in Fijerc ifcJtifc. 




FIG U«E 1 M « Atrompniiire Esertiiif 8. 

Use t Schwanr-CtinatofTd tranifwrmaNon to find * crnifuwuial mapping kr = $t£i rtw 
Wll I juap Mk- 1 5 1_. i M She upper hall [iSarlL Lrtnkn lhc 1tdw jn a ngbL-aflgka Channel llidkaied 




FIGURE 1 P.I 07 Acrnmpimif * F *enc i« "3. 

W, Urt a Schwirz-CliiiiHoWel iranffornuLioii to find n con formal mapping to = SfttftfuK 
will niap liiu lli:-',v in IliL uppur half plane cinCu Ihii i\*?vt Irinin a Lhannul bault til 10 a. 
quadraM a* inrikfllriJ ill Figmre ID. LOS. wtiert *m = 2 J2 - 2 !n( ^'2 - I] + ftt 
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FtGURE 1 0. 1 da AtLompanics Bwtip I P 

]]. lal ShiiwIhaHhiitnmpIci jxtfKfllial F(z) = M's«V*n implkuly hy z w J r* diamines 
the ide*l fluid flow Lluouuli an optn efoannei boundrd by she rays 

= aid >•= -rt, — < jt< -I 

in 10 the pianr. 

■ ti h Show thmt tlw streamline iH^y} = r of lh>c fUw is given by Hie parametric e^uaiigjis 
,t = j + rtoe <-. >■ = <" + rtin r for — ■» < f < •* 
aJ SfcGton id: Hgurt: IU.i09. 
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FIGURE 11.11 1 1-.- uTufilb of L'Ui for Enaciao L L . 

11.2 The Dirlchlet Problem for the Unit Disk 

The IVinehkl problem lOrlhc unit disk />: |:| < I is 10 find J r**NaJucd fujtctton 
jf(.i, y) that ni EuuiDoiiir in (he unil disk D jjtmJ ihiU tikca on Lhe boundary values 

0) H(c «e,H n «) = i/{9> far-fl<<)£fl, 

£ii poims : = tea* 6. sin 6> Mi ihe unit circle, id shown in Figure 11.12, 




FIGURE 11.12 i-hu DirtLhkc ptoV\eu\ for uw imiidiji |i| < 1. 

Theorem 11.7 If £/{/> Am period 2a, ^io.v rftf f mirier stria 
rcpft-irrjtutim 

(2) |j(d,c«/r+ ^ tin AX 

r^Jf« rAe j,r>Jj f rr™ n to rftt DMchlet problem in D is 



y^Vi/ai-^ilifcJi'WM * ■ ■■.■ ■i^r^.^aiLV^ih- * ■ -: : ■ ^ttmiftVa'i'V*-" ■ ■ f ji;.*?^; v;-y ■■■■ ■■ 

■ ■: ■.■ ■ ■■ , ^JUi'3arE.*4i'fi - ''; ■ '.' 7 - ■ ■ ■■■ '■/j'^i'-.n^.-^K- '': -V VI - ' -■^ ■ rJi ,, -:?*£::M&ri. i l*Ai ■ .■■ ■ . ■•■ 'K',:?£ZXiaZ&?& ■ 

■ m > v ■ : ' ■ 1 ^ v Si *L£i3--JSVSi i' H ■ ■ J . ,, :^:i" VM ■ : v 0£f iS 3J. r * -V. ^V.v ■ " ; '■ ■ ■■='-. --^i S^/i^V^ :-; -^v -rrr ■■ ■ >. ijjfi 
■ nj-v. «V:vA!Si-vAt'. , '«r 'JOiWrnfatt:-. -*Wft-iIY-J<-T?Z:''* ■ ■■>^,:*. 

v ■^■■^r^jL S:'rt." L - E-w '■"v. ; ,t .■r: *s-';i,^ r - 1 * .-■■<. ■ -:vfc.-; ^■.v:--.^CSSai>£.'iRittf-ari'' ."s\: ' fi->--'-'i5'K. l *.-^!4iSrfj>i!r ■."■A - " ' V a'. 

%~Ztis>:?:??'?!~-? T>*?4ciiapwip*> ■.^■.^.^■'■T-n." w .r.> - -Vsi 
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where {a*) and \b B ] art the Fourier series cocflicients for t/(£). This establishes the 
representation For it\r cos tf. j sin S) slated in Theorem II,?. 

EXAMPLE 1 1.3 Find [he f unci ion vj ihal is hartrtOnk in [he unit disk 
| i | < I and lakes tin Lhe boundary values 

03) n(.COS 8, Sin = W} = 1 tor-X<9<H. 
Solution Lining Example tlij, we write 

i.l HI 

Using formula 1.3 i for the solirLiun, of the Dirichtct problem, We ordain 

(14) &. m &r&Lm = x^^r*»^ 

We feniark ihiH [he series rcpreseolaiiOn (14) for u takes on lhe prescribed boundary 
values 111) al points where U is continuous. The boundary fujtcrion V j% di^coniiit- 
uous at ° ■ -| F which corresponds = ±SL and V nut prescribed at these 
rwints. Graphs u-t the itpprosimatrtms 0 7 U) and jMa, y > ™ ir^r cos i, rlin 0) which 
involve the first seven terms in equations (13) fltttJ (14V, respectively, arc shown in 





***2 
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r. 
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U)1Vl>«llhl»iT flUp»Xim«icqi t - 01(r>. 



TtiE graph a£ j n ui[r ran fl L r uji fl}. 
FIGURE 11,13 Fwiclion* t''piVl nnd M' cos 9, , Sin ft, f or Example L 1 .3. 



EXERCISES FOR SECTION 11.2 

For problems ]-£>, 11 rid the soiuttofi to Hie giveo EJlikhLcL inotilem in ihc ujnr iLi«b o Vy 
using uw Fourier series, reprusenjaijuns far (h? bgundary Fartapons Lhit were derived in !hc 
cjumples artd exercises of Set Lion I LI. 
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FIGU R E 1 1 .15 Appmvhmaiions far tM9j jiijJ *bs ft. r sin (1> in E*ert i*= S. 
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The las! csprrssiun, can be written as 
(7) ») =/„"[£/(! - 

=*-<(/>- 



<h e rJ,' 



winch establishes the pruvf uf e^acion (2J. Sjnc* we tan inrerdiang* the cole of 
Ihe functions /( S I a ad equation (J J Jnhowa immeri 
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TABLE 11.4 Properties of Convolution 
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*s*nciative 
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/- 0 = 0 
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x sin X. 



SriSutiOrt Lei m = ^-j . = ,/f/) = sin i, g(t) = 2 cos i, 

respectively. Applying thu coovalqtkn thewem we get 

J ' ' (^TT " ' s " &&&& - £ 2 sin(J " T > T ^ 

= J |2 Kin f cCts 7 T - 2 can f sin t cos t| cfr 
■ tin r(T ■* sin t cus tJ - cos f sln*T 



t sin f - sin-r cos ; - cos i sin-r = J sin t. 
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Soru( ion Ry deii nil ion, she Up3ace 1 reform of Sjj) is 

L.eiiing a -* ft in equaJlod 00), arid using L'H6pctuP* rule, *c ubun* 
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function /„(/) obLaincd by integraling a^j): 



0 fnrr<0. 

■ - faf 0 £ r S cr, 

lT 

L for Li < t. 



Then il is awy [o s*e ihiii £/ fl (/) = Urn/Aft I 



i 1 'Jte Ti^sf.-. 



.•.'.■'.zx^-A&zft'-r 



1'V i' 



.■J-VJ-:L-:i , -i v . - , ^.-^> . 



.-^ji^.'-rt^^'f.- 1 .- 



:.<:V. r ^..^.-.v.3- 



.■^:<i.>: 1 if.- 



.ll" VT/._ : _" ". \: j 1 - 1 ^ '''.'^ '■'■■'■if :: j-;A.*7l ■'. : r i^ J ''' f 'i 1 .' V - ';^ ■■ :-. t ; r, -"i l ' '■■ 'i- '■■ '■ ■'■'- '■■ ':■'■-'■ .^^l^ ■ ■■■■.// 



;."s v ■■■■ ?•=•.-•? ■ ■* ■ 



i S*-"-- .-; ■ ■■ '-;-»-r 



■. -ii/j^-i-jUje^fi: . ■:■ ■ -£ Z^S* si.VV i ■: ■ : ■. ■ '-. -'■^.:vr:^r. 'xwr ■: . ■ -'itaa-irtititfaxir..-. ^ ■ ? 

i'l ■ ■■■ n ■■■■iifw', ■ ■..., >■■■ .•jji'.-.--^- 



.■J.■^>^^7^l^^!^ L, '.r.-i-Ji ".,;.- iu*:.^. \jt£.ii!yz.y-'tT: i :i. -,-.- , .:!i:3H£tBii4Ak&M6i-\*:':.: ■'■ ^ .'■ j ^.'; l iis\n! , .Kt^ ■ ;i ' ■ 
■v j : -j«ui>. , <^lui'^ , : , ^i>r.-' '.-j ' .■I'.ili'WPiZnWTjTIiR't ■■" ■■ v, ' , ■'■ a*RU* , Ti«ii'i , i T"-y.. :>i ■ -i-. ■ ■4j:^m'aTSh;rmtiL. i.- ■: \ 



VS. 1, ' ' ' \V , u'_"^.'l. t-' I';: ' " ' ' ■ ii: - i.V Try. :■><■".' " ■ ' .L i 1 : JldC. Li. ' ' ' ■y-ii^jLu.-Ss:/! 

■ . : r- ■ v ■. ^ .■ ' * <Tz ■■ r- J r"'- "iT^''" i'* * > . : " "■ ■ ."''O 

■ . i^j-^v ■ ■■ ■i^Oa-"'- * l * ; "ija-^> ^r^i"-" "| ■ L--' £; ■■■■ ■■ -■ 

■ j. ■■ "i .1.: >i -"j. -i- 1 ! ^ " Tu'-i Jv!±-':'-»." ' Ji i jv- L_- 



■ j-v -.it^.^ f-. V ;Kf ^:.-. -.1;" :. :. ■ .1 L-.ViiV ^^ : >-^ ■ ^ : ■ . . ^ ^.-ft-:^ 1 - - : ■ "..'»j j ;'?*f,-'J^!y J - V.^ ■. : 





»va '"-J^ ■■r.'ivTj 



r*'ft.-. ".'?>'''<■■'■.'■ ~ - ■ r ■ ' l i " 

■ : .iv J .^i ■■■ fin: ^ jftf-cjx*-- :_ ■: ■ ■ tfi ■ ■' : ■' ■■: ■ t.-^i ■■■■ 

! v: ■ ■.K. , reM , .!m^VvKf:-j *. j- .. • '. ..■dt.'&ji'&'v'vixi: ; ■: .: . : Si?: .#KJi , i» .'■ i .-: : . ^ ;•; 

pni^i . .. :_ ... . laJvil^iy;^;!^*^ ■ ! ■". ■"■ • ■ V\ ■ .■ \ ."'.ft*.w.wjaf K^frt. - '■ ■. : ; . .. j-^VvVOfci 

l iv.'i-** <CC^TSri6?«*!Krey'!i : i'3l Oi SOW*; IV r . : ^- r - Krt L-j- i-%C%/.* i '.£ii**5si ^W^n*;?**, i - i_.-^k.*v"-u-^rt^ ■■ 

■ .-rVV" - ; : '"-'/A ..'-.v^.:t/^. l t l ' ; \ ■ - : ■. .-V 4f-..jt-'jv^-ss - V-. ■ > . .■^L^'.■■J^t:L v i l ^' : :■. , . ■. -\t . '/cf^" 

:;t.-. v : : ■ . '■ ■ vtti'J.- ^ff T\~.~'.-~'- ■": . ■'■.(r'Avi ^.'/.™"'"" "i . -.. .■ .i'^£ jrt -si i.-i v 'v ■■ : ". .-^ ■ culr.'i.i^ucz.i' 



'a iD-^^w:; ■ -■ : ■ ■ . . '■ t.^ ',"j]f i-Jnai-ji; l ■. - ^■ . . - 1 ..V. iv:H,^ -Ji.- : - ■ ■ ■ . .'AVSP.-'teii^'.l' " ' ' ■ ■ ■ 'tt^.^- 
_. , !<lp£'ii'i'!! i i^'^-itf ^^S^f '■ " ■ > .'--r^r ^^■■v■^Tif*"as , ■^^-:■::L^ i . _ 4te:i«$K-Ki: rj t^ - ..; . — ^ . 

■^-■ ,r '' ' v C'"""f7.7 ■.. ■JJ. J'. uI-^ Ol.^^rV- Y™i- - \! ■: ■ LiM^- ^i iS^Si 1 . V (' J UL J" ' ■ '.'.r ''- 'i.'-'\ ?-<:.&J^.'' I C jV " h'L-.:r*lj: 

■.■iiVvC.: .^^0^ "■ : ' L -. : ; ■ ' • irjtf-x^.'mv*^.- ■ ■■ ''. . : . ■■ '(.i'cL-jy^t ■ ■ .\ _ .j.^j£i.L-youili;-'^i: !.■ ' v ■ '.vi. 



■ ^ :?!i1v*'7z.•^<7>■• 



■'^.■. L .'. '. r 'J7 - ■ : ' ■. : j.:v"'. ■' J^ 1 ^ J.'K'- ■Vjt ' ■■■■v Ji.'iVT - *' '''Jif .: ■ ^ <J-l-jiLi. ,i ..i:i. - i."*'"jt: '■'.Vt >r -■!.'■ i. l-.-. ii- ^iiJH.fjii -!' 

^if?ttiH0-^vA&r\?'.'.- ■ :-*tViVi".VL-s-jL-.-^ "■■ ■■^'-.w«»*t>rj*^tSA*''"'='4- r'iH-.- , ^;*.-'™^"V.raa ' ; 7.v."- 

. ■ ■ : : " "w ■ '■ v ■■ '■: ■ " "■■ '■ ■ i"^ ■ ~ 

-. ■■ L^t^i .l-Kr^ii .' . ^tflf.^ iali.n407ii- IV. 1 : . - -L- , - W^JI^^Wl^J' ■ L " i 1 . - . ■■ ' ■ — '■ ■ TWSi^H^* '■ v.-. .. ." 

.: ^trit^itymi'ij ■ .". .. : ■. ■ - ,L ijL'vwi!it:'i! .i^!>< ■ ^ ^■■-■^Tf/i.-iML'./.j^.V. ■■■ ^ ■if£^:^ Tit lJt . 



■'■ v.- -■.ttti-.-.ibi'is ■ ■■ - '-rfii-^^.^^^:: .ft. -. ■ . A '. j -TrtTVfi^ r ^'.- r ;V ■'- ■ : w. :r.*A*n!^ r ;'*.*>i 



. i j 



"■ vgt-jSOTQSJr-Li;'-. - : " '■ !-H^iIW,Li.^". ■ v' 'il^'B'^flA^'-l " " ^■^« , J*i»HiiM.ji r -i t 

WCMP.-'V-js ".Tr-".? • -. ■ Uv)W Z=i ixi^J^ mrfi: • -*IX7j ?.ftX^S.fi:'-.i:-? I'."- v : : .:Vt*ft:rt i-V-VW'- •'■> iVft'S IxUMM.'a" 5 

7:f f!T7irv/\.-' . 7 -.1 ■ . :'^J X yK-VHiSYI- " . >" Hi: .'.'u&.Z.t ,~ ■il'v." . • . ■ ■■ . '/ '.-J.':. '. iJ^Vl 

^jii-sy^j-^^.^- " ■ ■ ' ■^vja.-f.-.^.wi^^ v . ■■ ■\;^.iv^^^.i\rn .-v.- -s:.: •■ L .\r. 

■^ , ■>>^ , ^^v , iir^. v.\j- L^/ji , _ _ . ^-yv/"..-: ^'Sr* 4 ': i:' 1 .' y -.-.-I :. ■ -■ . l v 1 l.-'S^-. v^-^-:-.^"': ^'"i ' •■ 

;i iMij """t'' 1 ': "HfJ5 ; J J^^'.;:.■■■>T^''■■■:'■ ■"TVJf.^-^ l.F..-.-1j£ iLj.i-i^n'- : * — rt3f.T.-i_!'i..Hi63 ss.^AKCiv""'^' ^!S.^ 1 nf .ITiwv 

■ ^■:L-.^^■.■■x. , L-. : ^■■ > : ■■■ ■ r '- ".:j.v-'Xi:.c^;-(. L .-^iy - '■■ ■. rf-.i^w.ir .i-. :^-.: - . :-■ ■■ .'i? 

'.. . : \v ■ . . ji-jH';-;^^ ■. :! v. ■ ■:' ■■ . . ft^^i-A.IJ.;: j ■ ' _4 '- - : ---^ i#™fju*.Ts-^.^ ■■ '. ■ 

^. ■ .'■Jd^rti'X^^.r^ .. ...tl*flli'y?:;.<!? :m - ... .L-.-i:- L ■ 

■ ; ■■■7ftf 4 ;'.syf- : : L - 'j'^rL - '.! ■. ■■ i ■..'■^'■■■■4 .'iLTfJ.^i^L'i ■ ■ v ■■ ■ : ■'■■Oi"' '^"■'■?!:r , !yw 

L --' r ■*■■- V-^v^-j-V ■ ^"r')- •■• . , , , a ^*x■ ,, ^. .. .-^ . ■ . -V"! i 'v : . v -.''. ' ' " "", . ■ '1^"x.ft.'- i '' 

•. .: . . Mt jl£ iizC :•• • ■■ ■ rivV'i'^Vy.r'.vv ■■ . ■.. . .vV>4iiCA,i .'■ ■.. .. j 'v*. .*yi s.-iis.-rfiii". . ■■. 

^li^i £i "cir. .^.v ^i^^v,- ■■ i . A ; ^^,vL-/i'^^rft.'". , ^iv^"v<-.^ 0 ^^fjL/.^i^Sr/it i .■f-j ,i .*v. ^ ■■ <^a^- ::i>tf.i m -;^i; m i :\v ■ 
■.a v.^vi 'f\- ... \^ *jet.-±i'ai>:wi&,-y « .v.'-- ^L-.-i-^' 1 -^ ^■'-f".7^.V''f~> J -"J-'' 'i^ ■ JiK." fcr^V^T-' 

' ■■■'"■"ijTi-'jii isftjxj ■' — c — :_ ■■ '■' - ■ ^i-'J^.^x^'Kj" ' - ■ ■ " V! : LV^".'. i. P .VjM 

■ ^ssw^TB^l^ji^^rV rj'^t.i?-Ai««uK^'rt ' ■ ■^"IrVf '-.-l'A-bi'''"^'"'-: > 

|. -r-^ ; :i.7"."J"/:. 'fr - ■> -"J - V"" " 4 ■_ "ft'-i/i ; T - "" 4 

■ v.- ii^.^Wh^v.-'/fv'-: .■. r: ■■.-■"■ijto-.iOjip'Yhi- - ■ j:-..ii'j)itWi.'iV . " " ■■■■ ■ ■■^-: , .-f.f;V '■to* - ;}-'' ■ ■ ■ ■ ' 

. . ^ ^ ■ . ■It-?..';* -L^i"-?.- -.v 1 \- ■ ' ':?--.' t f-.- r (r\' , -T ri : ■;■ -i : . : :: . ■ ■■ .t nTifiA'nT^^vi: .. 

>:ii-y.^i ■;- '.--l. .. . ■ ■ . -'f- itffj?'- . . .. VjiYic-s.^Vo 1 :-" .... jiy; 

■". v. .:, . ■ .v.^riT-i-*- >H , .", ■ : W.***^-.-^.^: ' -. 1 : 

1- 'if f* : ■i-i^ir: L.^i-T 1 ^ v f^ r ?.iftT '> . ^. !^ ■■-if^-.-T-*-. ■.inVi , .r- r ' l -i .1^. _ L ^i-i^- i/Kl , . _ - , i'ia«!:T *^"n» iMsS^'St"""* 

y*.^' T. J >:: J. , ■Ly^^;■^'»Jft-i: ',-:■'?>.'<> ■•' 'tVZ;-''- > . ■ fv n 4m,-:,'i:- Aw-- \">?--.- r .-^ .."■r."". - "Jiyj7L '. .': -V J-.V-Ly^. .jiiJh^^ix ^'^S 

SilJi-.TV.'*' ^ ..-J'j^:i;A^^li. v O'?r' j : .' : J l-v.--':' :> h -J.^iiJ:a.f, J ?--I^ ■5. % -v>>' ■ ■ ■J.i EW^f^UiLf. — ; .Vcl^l- j. ^ fs.\ ^ 

(A; ^ ■ ■ ■■ . or-- v•:irt^■■J^■^Il^S^ ■ ■. Li-^'Jijf V-l aST, tt. .... .f;i;^'--" i 4 *Tr^ : ■ ..4, yrr^itt^r. 



'-^ . ■ v.:-' .'lSv^-JM ^- ■' ■■ .■ ■ ■■ - ■. ■■. ^virji^ - ~?l>^f. n . ." ' .■ : .■■ .-^itVi^rVii *"B(:vi ■ '■. ..... 

. i i-L^o-**: -M5Yiv.. h j ■ i . :'. . ■ .J'wtt&K- VvN-t-Vr : - ' ' rtsiKi-wtv ■■."■t : < -:! ■:- < , lVijlvW*i ,, ,'!:Ji : . i / .■ r 

*3K*r^^ ■ :' ■ '. ' . ,.\t : isAz&tbuixjv- . . ■: .^iXi;ius«*"WJrtf ■ - . ..v. „o ^. f ^^i^'^<KT>^. f: ? ..■^w^.'uv 

■ ..'-jL^.r:,? .;. ■ .,,-.L. . j*.t-f.iv.tef:. . -. ■. , L .: :. ^ v ■:■ .■i-_Oi<ra> ^/to *»-A*~i-:>. ;. 

i-.o.^tj.^.-.- .■ isSW* *ji . i ;jt^-..v*ii2i~.-^ i^O:*- r-'.., ■. _iv..-..--^ L .-i:.^- - ■■■ . _i -i'" 

: -i'.".'.: -; ■ij^i.i-j.-E^K-iii^-^ ^ 1 tvUT j^** 1 -■^-'^ .■■ v;T- ' . ■jr^j-.h"-.^-.'.-:"^^'' "\- r- i':T^ \. -iii. Lariii. 

.-^ t. ..icTT- si-'tirM-:**?.^^- i ■. ^.vi- ■■■■^■■■ M _ ^-"^'Y' i ■ ■ . .-v.." v -"-^ik-v x-i"' 1 '. . ■•iVat*-^ X' 

. > - yr:>^f ;."i , ji u . . .'^"jr. ■'■?.r/r' % JC^ .. . ^v 1 *'^ ■ i ^ , .'..-. ,F v . ■ ^vic^f^f.;;'. 

Sk^i -.r- 1 !-^ ■ ■ ■■ ,, v.-fj?iif:'l ; jwi:.-- .j. . *ji!*?WL :'.v.K*£Ki- ?>JW!flFfiJSflf*ts»* .V '". ' f? 

' J.-.'.-J^.T. ■ .■i-ili'j.' ■S'tnd':? Jv- ■ ' . :" , \^'.^'"3'!«'./->v : -' - ■■ .< t': ..'L■ , .■J^ : .il^i>^;'. ; i.,■" , .■t.■ . ■ i> A ...f.'iL it^' 

^..'■J.-! :t--l; ^-i . _ ^ . ^ ^ Jfw lu* 7 ■-: i-i^l' '.■ ■ ■ ■ ■* ■ ■ : - .J" ^-I 1 ~^ v >^^ '"J ■ ■ T .- ■ - ^- ' * r^^^"-.-^.. l . ^: 

■ . : '''^T- ■ : c . ■ riiM-f- T&iJm- '-- . ■..>'. i j^- y/^ji-.v'rJJw .... !■:. ■■v-itv ^■'■.t; ^i^f-v.v; 'v ■ .t^- 

■. -. .r.^-i ■ r-^.-:: k ■■J--v:.-.-ft"!.->^-. 

'.L;'^.-. : . 'J-'tV^jj'.-'ViiH?. ■f'r. ' ' ■ ■ '••i i ^tiri ■v*:rj£ ■ ■ ' j-'.^itt. : ■ . . ■ ■■.'j 

: :W,- -.:-ir? : '-h :■ .V ^■ ■'t. . :TL-^1/LV^L'- i- \.-.V \ - : : i.- ■ J'iMnifS" Vi^.'^Ti -tW^iPtm L .- 'tfri- ',■ 

. C." ■■'■#'-^^1^ <n»ifi»s»'> .' "." .".■* : ... * ■7Jl^l■rt^ , '^I»/^t.■^^J^■J-^■' ".. : _ ..j:::: j B&iinwiriait'vt- :. . ;. ..,*i , -r^:' I fr>'™ , .ift. " ■ 

^■■j .^.■^.Ji. , J,:1 1 . :, ; , :'-i v - .'. ■'. j '*.i" r - i^N^^ ^ ^Tv. . . ' . ^ ■■ "\ j-ijn-V^'?^ "" v ' ... . . : j ■s 1 *.,f:mtvrr , ' , 4 r ifT ■. 



. : ■./:3f^> r ^■^■.1■■^'^.v■.■. , ■ ■ ■ . . r-HvJ'^.'. : ■ ■ ■ ■ ^J-^dtf firVi^ ■ ■■■ ■ ■ : .■ . '.'-i ^^.:■ii J :^^.^:}*^^^ri'•^ ' ■ ■■' 
■ =i""^!-.^ .-^ . . • ' ,v - '^.1: >' ~-. .... '. 'y 

«t -r- ■ - . ■ . ■ . : ■'--■.'. '■.V ■ ■ ... - .- ■■ '■ ■ ■ . ■-> f .- v .t?jS*.-»: -- . 



■ : ■ ■ ■. . rii ■ .'.."IJ-./x- A>.\^ , '-i-'-:T'^- _ . _ ' -. - :-._">i- it Z-j.'r.'r"- •;'f : "" in- j .^r: ..^ ^ tv- ,, :V:;- _ . tf- ■ !^.J?Z./:i- <i^ v^V : .- 

■ ■■ ■ ■■. . ■ : : ^^■l■'y..'^>■'.2:';s^ ■ ■■ ■. ■>». ■.'y.i-Jwsv !r.':- ' 1 ' ■ — .■ ■■• < iV^L^ .i-v. ^.i^r^ r - ' ■■' ■ \ .■ ■' .'i if; ,' : ■■. 



v'w.:-.-.— -w ■■ ... --\.v.-^'-l. : -- ... hiy.-y?"-. l.-.- ' -.tV—--., 

. ■ s^jm'jAK'U'r ■ . : ■"■ . ^&u»iv4v :v ■ -- - .'. ' > J St rJiiftwato ■ ■■ - " * /.'jti^™^r' :. < ■ ■ ■.■ ■ ■ ^ . ■ 

■.: i- i : - v.'- fiv^r.- ■ ■ : . :■ -.l .■ r^j^: JL j;-; vrirti*v. - ■ .v.- :--:iJftije s mJ .fr ■■ ■ ■ ^- 

1 . .-. : - t .y-r. ■ ■ r- . ..r L . ; ■^■■-^ i_ l ■ - '. » 

:J (■tlli.W; ■■£ , Y&7l1- -i ..i^ i.r. i^+.t-lfw': . -^Ofi :,' : - l- . al\ J.twrJSi 'mftrf*" ' ■ '■ 

^-^i-Hli :sV^'-''j:. _ >^i I tffr'»i5SS'Jttt!,*;\ J ! "*•«. M.i.Sji't'i fli»<*!W^^t"^."i4Vi.- .' ^^AvivS^^^'sh.)---.-'-. l.-I . 

■i3*t^jtf -_'j^^. J _o' » .■^i-it? w^Sl'-X-jk o - v- ■ ^^Wcifc **&*:>■'*■. r. .*-.'- ..^-^iw JjiSi'ift^^cT..-'-.-'-— .. 
■■ MBits .*& , jP2&&'k-. ■.. !: ■ w-J-^V- i .!■ . V-vt-.v.^.'vooV'i-iv.- ■ ■■ W' ,v - 'r'^-^TiV. ■ :.. 

■ ■■v. 1 ' . T ?K-'i , l^;A: ,: jFif-tV ^- - .-. v ■■ ■-■^ ■.rt^i/.'- ^^jjCV'.' '.■ ■. :V: k. v .'.Jii; : coi^.'-'&.-.r v-' J titSti i^i**d-Js,\,"~ '■ . 

■ .:,* : .l .. -'yjM^b!'..^:^-"S*-^ ■ ..\r ■ .'. * ■ -'. • ^l. ■ . : . .<vi1tear<:&:-Pi ; .':. ^ 

■: . ^■^T.\^rn'...:T.>..: v^:.r:: i . *.tTV^.l.i: ':: :0 .^■-...:*™.:* , mdf.'i: r : -- //MfSr.:-?: ■■' ■■ 

'■ .■ j'i^ju^. 1 . ^ ■if'/ ' ■■ ■■ -<jirJ, _ "\ , .r.'' l rr-.S±c./iJ} J,c:*j± '•■•f - ■' tk ■'"''■■■j.i'i/j Jj j ■ '■^ 

i^ki*.'^ ■■ .■■■■'J'V^Ai'^!■. ^ J>;■E■^^ ■" J ^Y!^(Tr.^ r ^- 1 v- ; -. ^ ■ ■. ■ ^.VjKJ: ifrtk-Z! : • 

iB«MKw-?*rt- .'. ■ - 'i'i'^A ■■r,j : yJLv-'- .i.-.v - v jwv ■': ■ ■ - "^f.'ii-wii^vji 1 ' ■■ :■- - 

■■^.■■."■■^si:.-. : . : . ■. ;. ■.'r-^^'ax*:^..: ■ ■ '. - Hm»Vv.'wi!St»; ■ ' ■ ■■ -».<«fJ!W^?^Trwi':"- : : ■ ■ 

■JT: -.fry ■■ :. .. ■■ ■ ■st.V-z-^.'.'.i^.-' j : ■.■ . ' %..>v^t-:^*.-. , -s- ; - .v ■■- : ^ ^.- ■j.^.'yf'-.i--':- - -. ■ ■. ' '• 

■ ■\^^^^.■■. : ^^it^.^■^^'^f.^■^^ :■ .■ i-:' 'I'ilh w-*- ;■■ ■ ■ . -.,;^zy.^w7- vji . j- . :_■ vi : ^ : j ■ivkJirfMwn**:^ ■ .:!■ ^.l": ^ : 
l .vU v tiST*Mm»*¥i'af j' -Liu /r,lj5a^w^.v?v«tf-j'w \-,.\ ^XCv%vasrJf , *^*#^ : ?^w v ■'-■^-:■'-^*^ ■"■ ^v^c~™^r^.vi?ov^-_. -^ > ■ 
i.'.l^.iL.T'i.y^T '-vi? '- > >>.-^i.a5SnA'. 1 ^jrtHy"'V ii'"'- 1 \J~: ^.t^.l-^z^\^^ -': 'z \Y..:^ i-^Lv. y-.'-^:i. - ■v'-'- f. 1 - 
.■..-l-.-i.'^Jii.i.li'ii . '.i i -. • .yr^j:A:- .'-'--i>y^.\ — ■. " : '*iEJ&:.sr^ofri r.v: ■■ . : !vj".^;L:''iVi j :x.^—r: . '. ■: 

'I-, :>\K.'Xfi O.-.VJ." - -^S'h^.-Tv: ^ '.KtS-j: '" ■ii\!li :f-/rr;J.'t\^-; " W..:^ 'yjc^\S,: 

■ ■ . .' I-^i i.l- >; *L: ft. 1 * :. . . ■ ' . ■■■ L'^^l-' ■ ■ ■' ' ■■ :•' ! . i 1 - "■■ . ■ : ■ , 

"sVj.— ' , Yr+. ■ ■■<■''- ■ ' ■■ ~!">?*~." m -^'-'- r^r> --. 

ATiy-i^.'i-4*s. .1 -^s,- '! V^V:: •■■/,.-.■.■■■. ^Ss'JcaHntef^E "a'.-- ■: ' 3^ ■ . ' -^^SrfV^j.^Hv.. f --y 

r7-. : «. : .'iV A-.. . . ■. . . ..-IV,.- ^ Mvi^Li I'.^li'iCTBflS . .-11. . ^ S!'5cflKSlSv - : - ■ * 

'. ■■ . .;; .j.- Vr-li'^vr.'JK'.v- ■, ii -' —"i ■ ■ Ki^iviV'^'Kt.h ..■ > ■ ^ ■:-j^i m 7.'.?y*-i .^jf.ivi . . ■■ i.-^J-^^'.'/.-.'V"^^^: - 

_ _ >:i'j&."U"*.viLf^*;^.'sj«v^ : . T .■ ■■. L1 .- i ;jf>i t ' 1 ; 1 -S,-rt-FS*» ,: '; _ '.JT~'. -L lf.-I ■, :rt S-.. . -- *i f J**''^j^? ; 5'>i:i.r-.'-,>'j^;ilt ■SJ :, *L-'.'; , V"-ii'. J _ 

- v-.■■J^fr::3.^■.iJ!(^^;Si ^ ^ ; - ,, .v-. : ^^;L^-rftJ:WrV'o" ". Vl ': ^ ■ - v^. ~ .^.-t^-.'zist^Ut:^^-: ■ 

. - r 'i A ' " liixw.-j J : '.' . ■.' . ' ' :y*i*f ^ --^ ' •:■ ..T~"JV' : -^J' v .-:.:Liji-.ri 

■.j ■ilir.-'i-M-J.T'.'IIVr' rV . T^- >;!■■ ' ' \iirCr W.t-.W?rS, i\ J..': i- ■■ . :>-.¥v , j-.V^ l ^»;V^> : CiLT' 'J lTt.': -.' j " ! ^ ." " i - .^ I t' v ' i^V"""^^ O ^ 7"^. 1 

^ ■Vx ■ I !wrt.v;>,vv-)>tf L W-' \ ■ : .■■( ^j£itei**k*X,.-. I ■' .'4K . •■ ■. : ;'4-i-A>: .' : fi- ... V ^ .- : .\ y^li^OvjV-^'.. 



^firL _ _>j^ tbiix :.• i ■ -v -. : ?.ftk'-tvl : Wii%\; !.■■■■< :. : . ■ '■ it^t- : it oVr" ■■ *: . ■ m'. 1 ; iaih 1 .*.. ■. L \-\:. ■:■ 

■ ■'■■Ae : .':c.'-sti;;<y*t " ■. .-. " ■ ■T-.^ciif^ T " ■ ~ mjocT.iafi i r*:' -■ ."■.!■■. Kisl— 

. ^^^ri ^jJi -j. :■ - : . ■. ■iciisL'iiWiiil ■■'.!!{ . . ■ .■ ■ -i: tzrJbM: >, ■ '.'."t ii: £ ' .-■ '— -:: .■« '. ■■ 

■.. w. .-, : ^■■-f'i : h .-.v .v- ■' ■. -"-vT:"- 

. . ..- ■i'&:-?.'"<l;.-£.\ M r;. . , ■. fifrt^JrJ.-K. ... i: .■ ... . :.. Vs'te-if.vt . ■■::JC&'rtf.V-'v>r;f*<- ■ - ■ 

■ ■ ■.'L^"' j^v^VI^^ - ^! >^ V-^T ■. .' " .'-jo^ - : " v :fr'i'?~ '' : ^ "Til .. .■ "r :_1 IaIT". 7 WV/J! - -" 1 ?V' : .' ."_ ■. 

>.CiMtVJ* ::1-J7iitj w \\ r ' : : '-\'l r Jj'^M\^?/cii&il*. y ' :sj- :.".- -1 : j<~ iZ&i H/ntHl**'- f- ^>■■'- J ^^^l:"^^ jHT*-"""^" ! ■ v ! V ? 

. ' ' - r-. j;.'. .y.- ■ ^ ji-. .^'. v^ :■ .. '^.^J* -.'j**-.://- 

.-.■.■■■■fl^ij-rtK? ■.■ -i.;;^:.- ■■':=.■ .ir^-jsvjfi:- .Vity. i ■: ■ic-i.vi-il'jli-ii^.'.:-. .v." - i -..rj-^:0\L-T^ j ; jfr^v..'i. . - 

A j ■ "■ T ": ■ .■ . ■.'.i.^ rS-.-^^ si.il- iiki..- v. 1 '.- 'J-wi;: .■' ' .. : "*r.- 

■.■ .v . .:«:;> ^i^'AA , i : 'il , ^■ ■ • ■■■'•■> < '■■ ■■' ^Jri;.-: .. : w'i ■ . ••<•» : :■ •» ■- ±<Ci.'MxV.^'i4WA -l ■' 

■j.'S'-z::. '^.'."I^.-i^v^ NSStfs'W . . ..... .-. : : r .". r ?\'"--/:(.- f j . . ■ -. . • ■. ■. ,-ti'vii . 

'. i ., : . . . ^V-v- 'i . y-. i.' :^r-^. i . !^ ^ i J. > v ; ^"iV^ J-^-^i . .i j .r.V^" ^^ ■ *-< " -4.'. S 

.-.j- 'j :Ti : -u. K»l5£.1'*J!S5P'.'i"-'l -^J l-> ■■^ v, ;■ ^■J■ uruil.^^ 1 -^^'^:- ■■■■ 

"i^a&'''>y-.'? ia : . j ..:j'--":- _ ii-j.™sivv^--^i'i l iv: . :: ■v,vto\VA"*nf*'.\iiei'' v . l' . ": ^.■| ^.V/i i- ^ 

i L : i ' '■■ . ■ A '^s.'i.x- ' ft ^■■■^.\fl*n7.T;'! , ^:.i i r? ; ■■■■■'> ■ '■ ■: '.i^fvy.-Lii-.-i^i'ri.tVj'.v: .ir ': .-' ■ '.'■jo.-, f 

i rf/ 'o ■ : . -I <.-^.l i^.\.- -. <; . . MniiiiSa.-.'ii^.'Ji- ■ r\ ■ ■ ': 

. Vir.-."^. 'i^K-\7-: .■• -J .. . ■ . L ■■■■ _'. .■ . LLii-j^v -'J^/ • tm-. - : .' . . :. 

. ■^iiJ-t-'.v.L-j.i.i ':■ !■■. . ' ^v.. ■■■■ j^j^: ^y.'.^r l'^ * 1 -' ■ ■ > ■ ■■■ ■ ■ ^J;^ KL "^i■;o■ r4 : -/-}; •■ br- -r • — * 

• ■S.\C•-■■■.,^i:.■j-.■sS/C■£■;^:*':•l\■• .T 1 .'V-'-.' -vk^J." t' r ."^>t- V i^f.'iwV Kf j ~ •^T.'li".. .". ^l-!.- ."-^. ii ^.^^Cr^. f 

liJ-'i:'"-.-^.'. ?.t fjyw^.tfl^'.fl - ^ .'J " r L-^.'- , A->«;'fff ^ii; .'iWiiiv: ■= .'■v.''.:.' s - >ijf^ ;> i.^"r5<x-.'-: .-i^i ■: .\ ■i<-.:;-:.'-i: r iVr;.vL? 

Miii;^ . :■: : ■ . ... --i-rt l^i'S.i'A^ .■ ■ .. " ■ ' ■ :f i i." fc^^vsp'' ■ i-.'.V.'.JTfV^wry 1 ' 1 . .■"'sf-.^f-.t'rA '.. 

<*-'ri ^fi-* ■ . ■■. . _ .. .^-ijy 1 L -v^ , r ' i^ -.■i./^.i*.^ -^-^ rfs-;-.: ■ ■ ■ ■ ^■■^rti^; vs- % ' ■ ■ ■■ ■■ ■■ ■■ ■ 

i-TKii^^fi:^ ■-- t^.j.:: iM(^&:';...'-.-.v..i:; ^..i^i^TT*.-;-^;:. - .1-„^ iHi.'-.r-V^'ai >.v.--- - : ■■ . r.-... - .. ."'^ 

^■r -■■ .> ^ ■-■ ■: ....... v •:■ L-O' ■ ■ ■ .t '. • ll 

'i-i-i:'r.-: : i^r. ■ a'V-.5 • / ■"■ '■r>J'ii' , T! 1 JWCEi v "* , l ■jr-'&i*.tj*.'ri ■y.'JZi-<^ : :\\".'^''- -="-"'ii^v .Vf ■i'f ^.f "^r: l-jtt— : J- -l-j 

■. ■. ;.- :■: : : :r : isrV ■■ ' -. ;:,fiik'iL;lJies; J d-j 1 -j; f '' ■ ■ ■ ■- " '■■•-■■ff^ i^'V-.lN.:: .■ - ■ ■■■ ■ . . ■■: .: <■ rt : h. : ■ 



'■y^sajL-LU'.iY.Tt-. : ■. ■ ■. iii-S -ji^-J^iHi 1 ^ - ■ ii-.W.'aWWr^TilVk . tra.i^oarHv,- :. : .■ - . ■ 



si'M'. .. vrrv:*tJt£s?TP:t, ' . '■ : sii^ji-'t^ixtf it:-. ■. '■ y :: .■? s. 1 .iskLL t Z3}&-'h,. " ■ - ■ ■ 'flk'rP'W 

iAn-ff-liA...- ' ■■ ■ ' I T&o&To^te-iii "'■ ■■ .jiijp.!^Jf:^>"H;>-!..- ■■.■.■J~^-?Jibc^7-j- ;n: J 

j . . ; f. ;,■ l^-..^- ^ ; ■'..vi > . . ■.[-■•■■'i.'^ '"irt&y-.--. .Si-- : ■: : ;-. -'tyx cv'i.ts '■ ..J- .:. ... ■ ■ . ; i « t?i.i -av i- L; ,j 

i-i'i'A^.T.' . :;.\ ^.-Zn.-ZL-wli^-'.'iS..*- ■ ' ? .-i^ . j. . i .V^, a ^■".'K^f?-^: - ■ ■ ■•■■J... i^-i* :l, n.j^i 

■i.^.J^ix.. -■' -is 1 - .J ..-s ' - ' ■ " ■ ■ i- j*^"- 1 ■ ■ " -■ 

J'i^r. 1 ^- ' - : ■ ■■ M*'.i<l'!=!r - - ■ -■■ :■» ■- ^-v^W^'c^y-- ■ .-.-.\-: .- ■■ :. L JWf-i 

.,. "s»r* -iV-vt-"^ ."•^'■■'S;- , < ". ""."4-- v ■ ' ''if ■■■ 

^■.d^.lJa^ ■ : . ■ ■ ^.Titov'i-jtVDtfCOL- ' ■ ■■■ ■ ■ ':f/^ff*lr.hik%xt ■ ■ ■ ■ -v ■ . ■ v . i l r+ , z:-.i ,, .c/n-Yurik: " ■ v ■ ■■■ ^ jZyji.T 

^;u*!coa*;^rar- i-v - _. ■' n^wAliiyfli.'rf j^*-. 1 .■ ■* -.■ ' ■ . ",:.'.\<-'i"-^vS^rijs^ ■ J- ■' ■ ' :_ J n(!-i:i>j jt.^', • ■ .-' ■ ■.' 

.■■h^.^i^^-.^v" '.t ■■ ^.M^-^'.'n i^'if^i . lt.: .■;:-MSj'Ji!ciPct':^3 ■ . 1'^.- v. ; .sX^'S ■-jl'.i.'J^'Mi-^. ' r.'; ■.■ ■;...-:^v 

: v.ij^i' j i'K.' ■ v- -i^'s'irft 1 !:^ •• .-i ' .-r. ^. ■+ . .xs.-.'.~'X'xt*!:Sr:-L;ff r '-'': ■: . ' -jm ' 

■"■ ■ ■ ■ ■::?^;.-r*v rrt. :;..; - ■.v^.^vc-: :w»i-iV:--;jt v7 ■-< ■- £.. p u.Tri.-j/ji" p ' '■ -■ ' " 

^ ^..'j.-in'^'i ^ v iv : J;ii^ff^^ : if". :, Ll ,,; T -'>■ iS.-^w-* ff.-^" Jt- ,J .■■■■ h ■^ , ^ ■■"-■vii; ^>z.-4-f n l^^.^ 

.I. - -." v .■ :.".-L'i. l 'rVSO-v-viiW-.v'v, '.::.,.':vr^-.i -V. -I:..... - -..--.-. 

nwA^xzi^. ■■■■■ - =.-.■.■ - - ■ .. ^ t -, L v;i n-jiiT-v-fj..^ i^..'<v .-. ■, : jf .-.yiM^jftiiif J- ■ - L i-- AiT'.'-^^jrtiV 1 "".^ 1 r "^- ^ "■ r -'" ^ 

■z'l >!■.: ■. ■■ .■ '■ ' '.,rS'Z ?F£yz?t& r ;Y' y - ■ ■ ■■ ■<■.oa77.■>J.T.ri^v*^l , ■ :v; •'.•'ijsti'JiSfem.TtA. .- ". -.v..- v ■_ . ^l.'^H.-^y/.:'': 

■.^'■r^; v.- : J" ■:■ . ■ ■■^^-■! > x'jP!-1 i SV ' . >■ i^ ■ . ' ^^^AVXfr.:' ■ -- ■ '. - ■.■ O.- J '.: - .... ^ 

» ^ .V-^. 1 -TTv : - -i : h ■ .- 1 . "■ ■/. i r» •ft r<y i ■ it r .■ ^ . ■_■ _ y. < . s . ^> vy ( .i r- 4. ..^i ..v.<v c ■y.'IS' ■ ' ■■ v .1 j '.^ i V.Vf ^ 



^^riiiM'n-i.-' :■ \>.- < ■ - .''^J t.i^ jJL.i^-.Ti.- ? . . . -. L . : : - ■ , ^T-. f v ii*^ ■ "f ■ ■ 7>ji&M&:;?B-S&. ■-■ r .■ > • ■ - -vt^i.-? 

. ... jwifrOiT!*.-; r-^r- .... '.^j-.- .— ■ >_^.j_. ; ;i^r^' ■ . .. ^--./'-T.i. y- -■• 

;■o■^\■i^^;^y^TM■.: * ■- ■ ■. ■ ■ ■ 'i^\-&zx>:?j?w-; . v.-i h.i^injj,;/:^-.- ■ . L'^VJSs.rajf'j.iJl*- - " • ■' ■ :■■ ^ 

■'.."i:"L W."*"J*ij' r i(K,-S.- , J r '^r^L a_'u.~!4.^5n*:l';j'_' , .' , -"S'taa.?_ I \ L-^i ■ - t . .. : ,: c .■'L■ , ■'v■'^l^^■■■■ , .■^_ , JH**; .■ ^ \ 



*±:ta^jH^-'A- ^■•■■i" c • -. ■ 'C:MyjiASrJi-JisK'..sj if: ,■■ ■'■ ; m-a-fifr^iSfiicrfrf- . ^ v:' - .-■ ^>:. : .^^^.^: ^'.'^Sr-.'.-.; " :■■ ^. 

VfAj"^[?ii7i:Tm "■. .> ■ ..^^A-T-yrvjii*?^;^. . ■■■&:-.t31tAs£>J-.W;. . ■ . ■ V....-' T^tSS'^bM^U.'d '. 

X : : ■£ ■■' S'lJ^iTf.S . :■' jO'. •L.'r. -o- f 'w i%siVt.T>A i : iTii'.iSf. - ! A^/si -iii ■■ ■ !: :\\£ii,"J ;o«v<j V^i 

>!■ . r.L 11 i-Kw.'S'ii'il'jd^i. L .-.A^ : T ^ ■ ■ v : J ■■ v ! ^i'K , H'n :, Grt , . ,r ^-*i-.' : j . . „ ivaTfiiiftk^-'wiSc:. ■ .. . 

v&uij-zZz- : : ™ .M;xWftt>s&'£:Zr6iL:z -i :.\vzfr£tvxi >f"^-- ■' : "... (.■4„'aiiT,iu"W'-i! , is '.. ■ : i~. l-.v .™r.'.y. 

tlT^.n:''.'.-^. - ■ :-. Jji-^/x^j j-^. ; tS' ■ :T"". , r"'l" " : /■ ■i JC.j^ ,, ]!f^> ,, ^:L-.'-r; Vi V : v . 'i J 'W«ji,Uiap.'vf:i! , >^VV !: .''.^Ji't 

't'_z.&i. ■ ■- ■. ■ . . Kit'/^iiyiiiiM?!^ ■ 7 ' ■ v*-^ Wv-^rt. " .i: ^ii-vL-. ^w^jl ■ . .Ht-v^iftii 
-. !: ? i^-ivj i^Li.. . ■ '. - ". ■.■'kfSo+\>:r l*-.-.- ^ ■": ." .. - . ■ .v ■. x * .l ■■ .ve K^SJiV, 1 ^ ...... 

.'iv.lCT.^--.- ■". ■J.'.' '. - J 15f , i^JtJs*iliii! ■. ' ..^f.'l^T^SViTtfJ: r ■■■ ■■■ ■ ■ ■ ' V- h -ivS^^V/^''^'.\ - ■ ■* : ■".■r.- ! iv}.^? 

-"-jf.-K. r^r- i-'tv •t*V..! !* , :r...Lr^- : ■Jli'?^*Jl-T^'--- ■. . *' r 

7^>**# ^ !i: ■ ■■■ ' '.^.YS*r!&?-Z<'-U . . : .■ 'j^iM^'Alb-.lf . V v J .. ■. .■ ^i^^ t£&::£y.' , .:■ ' >. >ii 

^T^.^'.iVi " \v?z^;/r?-tV r s&™ ■'- :-i''i-;:. ...i-iu\:^-:/'~:::--ri. ■ \^l^..i^x!' '.a:':.^ >£■ 11 i" '.vi\.. .Jyj'ii 

■ji^iird--?';!. ^ '^^H;^ -C-'-cL:, L ^.''■'•■'.^■^f.'" ■■ , ■^^^L■; ■^"=it..: - f^--h. , . : '.^^'w" ^. ■. r.: =■'... t ,"Zc. : .-s'y>yr- c-^.-a-'. _ _ jfx' 

i^..'^ v rtirtL:jtL\l ^^ij - ■■ ■.^i^..'! A'Liii^^.-7': r^- ■ '■. LtiJiS.aiii'-: -J". J'^'^'Ik-S-L'.'i^f''--''- ■-■ " 

. T^y^ji^ ■j^&cif : ■ \. " : " '-"Kv; ff. -J-r.'jii.f!t:-f.- : .: ~-, -" T\^tt tf .*.t£t.'){j\-l : : . . :Iiil.\Sf0fi ( i.V3iL'i , l.'r; :<-. --:". If "\ L . ■ 

't, ■ ■■ ...-.t'.' 1 *■*'■. .... v '■ Jr ■ ^ :r - .- 

■ ■ r.^i^i^jvf.'- :.: -'. ■■firj! ■ : iv < .ilJtrta".!'£'!K^ji' - ' '. '■' ' ■- ' . :.' ^ ■ '-7^! iTTiiKiiE'rt.-: ' : 

, ...»"&&£tiii<irl(ii/z-. . '-vhusriM^bs^ i-. '. ■ - .■ ■ jlV' ■ J^^^^-^bX' - - v ~ •': ■'■ ?v>x<'(4tf*<1?!?- -~ 

•: ' :^ '^i^fr'j-.;?^ ^ ,.o ^/±^..'r , ^fyi 'i/.ir' 'bi.f. -- : •■• •■ :■ . j. i : ; , 7r , S>it7^-"'i; J^ , .■L■.■ "■■ ■ >■ ^-'■y^ t i^^^W/./.'^'x' 

'^ J ' : . 1i : '. ' 'Jt ' ^h. f" V.^JTi'tt ■v-ij'j -v; -i.-.i i| VV." '^.v.L.-. V;^l , .ai.' ji^l^"; "I: "■ * '■■ ■ ■ * 

WiWL^iI^ i,\Hc, : ~' L ' w ' " - H.O^f^p, - • ' :j r- 7 "' ■■ ' '~ L ' ■' ■ ^-f ■iii^iTjJC^' ■ ' ' L ' " 

JO"'?--?.- ■ ::' J'i^^l,KfM , L"^'^- T -'. , i'^ ''' ■■x.'.i.rH , .ir'.^;'.n-H^ _ > M-' 1 rV-.' 1 :V- ■^^i.i.-ii L Liri.l>a^J-> K v 'vs - !'. v ' "' 2£is*<!fl'j>>. 
."j'rijiiV^iiiBi^r'jh - ■■■■ ■ . ■■■ l^j; ^jTHS^^S^^^' 7 r_ ■■ ' ' , LH , ;(rKi , t , .la-T.-."T ,: ■■ ~ ■.■ ■.;i^^^^ai■i ^.LrK^-j-H' ■■' ■ ?. 

iV. t. ■;-t+..'S. l.^^. ■ -- ■^.-.■j i^r.^ li^ 1, W-iiofi-i. -^-^ V. ■. ■? 

.. r:.J J MK^iJiTiii^f- : ■ V. "J. .. : "Jt^jijE- l^i"*: > . - " ■■ ■ Ji^^.ftiV. " - : ■- ^ ■ I- ,-■ .!'jT3? "-: ■! . L.. 

i-' ': '. A- . •SiXHirJS^tiQ^.- ■ i 'r ■■■'■'Kr^ff.vriz i ni'it,i^: -; :-f'-j .'s. j:?<Mi&ir:ric'fllft.'<. -, : :- . .'.'jy ■£iXi. :: !&f<ite' r .-fi' 

.^."Ic^i"^-—'-^-. :n :t ^r.!*-'-Ti=If- ■ L "'. : v- -. . .1. ::'5ri. 'T.^X- ... :. .-jj. iT : -^ r 51 jl:^.; 

r.jt'. .".■■^:.jL^i.'-^^>:'i;:jf ■ ■ ■:■ ■■- . '■■^■W^rr;. w, - ^:^ -:: ywTc^^':. .-.^ .f^ ■ /.k-^rajHit.Tr.'T 

■ . : 1 1'.'^ .■ " . ni "■ ..t-. . i-n "j.. '." r_^t.~.:.. 
: •; ■■, .. j^.i'.ii'if ! dt -V. : . ■. L; '.\i , i^.-L\ li'tVir ■ > .v^:* It • i.l •*•; ■' j. >fc-*T , l!!« " ™*- ■: i . ..-If- .irfft* WlAVV. 

? '-.T.\:*ivi"M h?-.-. J .^i 1 y i --' -T-. ■ ■■ r ^■.■i"-.h'.^' : . t ■'- ■■ ■ i-^y.r^. - i ■ -r. '■iv$ ■■.^jr,^..^-. 

■■■ ■ . :- . : J^viifi^ViiM r j^."' L v-'r7. ■ ■■■ ^-',j:^^\ii\A.<L}-. r .\ ■ : ■. ■ ■^■■;(Si4i;lKjfrJi.v. i, i-L'' ■: ■ : r *: : iis^j '.■^Ki'l: 

■p.. ■ !■■. o^- ■' .'('.'^.^s^'jiifJvi ■ ' ■ • ■• ■"•\i^,.'^/i*f^7?Z7:.' ■■ ■■■ * ■'■! ■■rf.'i'jrWFiiTn."!? ^ ":. - i :■■ ■■ H JJ:'l jiT>K ^ 



W.^'lrtk'ifrT!?: '* t ' .■.'r^te.-.^i-Tf^.'J.-TCSF- ■ fx ■ ■I.-rlLVL-.v..' ::ff;J- T-&'?.'J<'izi~x-- ■ '.Vi .■.'.v. : ■ £v' J OfcJfc , I : !f^?fi v ft V > 'j ■' ■ 

■..■■.oi^t-^jwi-.^Ln : '■: *.- f .. .^i liSii/Jiv^jii,^— " : ■ j^tfiyJteiwofcAJf '-."^ > * '" ■mirk It^sii^Jr'-: ■>■ p 



x.1 t-^:.i; .■ ,py^i-n.. 



.-. *Ti *-L v. I _ ".■ j 1 .•>" 



' : I i ■■b^i;i^^■i^■^■■L^£■■^t'L , ■ V ■■- i. ■ : ■ '"4.\i,.' V " ■: "'. ■ '.- 1 ■■ : ■.:v::. " : - _:.:i\,*>.\-I.T 

■ ■ -, .'. . CfSi.-Jl'.v.-.'i^ ■ — ■ ■■^■V^.i.TriV.T^,--. - ■ - . ■ ■ ■ . i*£w.ft~-t.'.:m':- ■■ . — Jk'i.iii^S 



■ .i. ■/ ■ . v . ■ P - ■■■■■■■■ ■■ ■■■■ ■.■■^J -- "*'■■-- "■■ ■■ ■■. . 

w ■ :"3T*,v ■ .S■a.;^■li■.;l•L ,:: ■:^> ,, :" ■I-'-V' ^ '■Tii ■ ._S /■j.V' ; V'C" ■-<!• .'■ : ■ •,' Jl .-_S-i7 J 1 e££ 

p«k\ J ^i3Cn : ■ "■ ■■i"! :.6f.a.::-r:.*?r^Hi7>T>*-: ■■„ ■■ ■ ki. <.>-^jr^v:.!-s-ik^ ^ .■ '■ ■■■r- t - a. ; - Ji'j •a^c'-.-i.'.^ ■ .■ '■ -- r- \ '■■>■ ■■ 

r.««L. ■' - r .. i - . -." "Hi" - ■"!,•' . . V - ■ r ■■ \?-K • ■ ' , ■ l • .-.V ■ "^V" - . ■ ■ L 'V ■ : Mf-. ■ 

-LVJCJCWi^Jfi----:'-- ■ ■ -■ 'J^ tff L-f-i^--' 7 - ■ ■ JKAWi • - - _ ^A^^-^A • ■ '--"<■ ■ ~ 
■ : S -.-.'v ".iv '■.'^: ' T V--' «5f: '-W.;?,- .11 £ E i.' 'S.W.-.L. ' v. ,' : ^ . '-'v.- ' ■ L 'j ■ .'.J-T" ^ : .' ' 



— ■ ■ 'Al^rtlJiliiiS — — ■■ - ■ ■ v H ri-tf S^lfiinSi- 1 - ' " " ' " ■ !£ -ii^zfcJSti:' . ■ .— ■ - ■ ^^L^KiilS' 

. -j -. it^ !■.: .. i, ,\-rt J/ ' -■ —'- 7 - ■v. s.-'.ju:. ■■>•*- '■ ■•>' ; . L r/- nt-.f-*i'TTt,*r 

v.-i'Li mi- ■■ ■ ■ ■_ .:. ■ ■. :.l J£l- ■■ ■ ■ ri'JlSi'd f j70'i\ '■ • ■ .■. . 1 "ii:m».w. i sn,-iTi ■ . .: ^ ™; 

4 -<•■ ■ ■-■ - r -\ -.-^ . 



■o^.-, . ; jy. iL^^fl'MiTi'. ^'I'./.r/v. .... -4ij. -rW'r ttSii"WS?-" rw ... rj rFj-.-smrr-.-vr- l-j n . -'>jj. ■^;ra^ : »'»yT - ;^ 

"■V. ■ r ."< - :."'" _ v !' '_C". ■"' ■^'j. ""^*Tr- ■ > ."T. 



- r,. . ,i. _ -»..>■- '-^ j ^- 



- -.- r-.- -•■ >■■■ 



, .... _-.v^?^vi'*VL'-?' v ~r..^ .. l ^..-"T^T-^.^-li ■ . ■• - ■ ■-■iii^tT.v^Jii-ii.v^ ■ 

. ,.. ..; f^fi^^w ■■. . .... .v^estwv 1 ^ . . „.-. - .^E^^y^Cl?" . . . ■ . -x , . . 



i -\ ■ n . 



■ ™ i _. VJ 



■ ■■ v. 



.J - ". 



■ vm .-'."^ - ' 



— ... "7^- 



. .'jL-jfc fcl 7bl>fl£iicS<":. ' 



.kJ ' -It.- 



:-i ■ ■ ■■ -"-j : ■ \ 



V -' 0- 



.. =tT . .. v-s:?- =■/■■'-. 



Vii - ■ 



: ^-.-.^aSMtrtMiafc-.- ■ 



. 3^i^-h .-. "■ ■ 



v- ... y.r. ,^::: < 4,>:<f-- m - . ■ .. ■ . ■ ■ ■^.'..^vl-j-.j-t.-': :■■ ■ \ . ' .. ■ v . , :j. , : , ;.-vi>i.^.- ■■ ■: ■.■ ■ ■ y 
■.,..'.r: *■■".':'■>'— rr"..- r :\y. \z\4>' w rn'.. ■' xs: \JWif*TrtWi k ?. v * it. * * - 'iu:. *t>^r^ ! n-. ■ 

jrr r' -<.-.■■ v ■ i_i ^-i".^ .. ? -v ■ ■■ .'-.-TT:.-. '.. ,s . ,*.:< :." —\^.tr-~r * • 7 : \ ■".^.-.^ ~ r- —S..*-.r." yf* 



tst Tfltftj^WiisL ... .tB3Sf*T«fe- . . . .■«natecrsteS:. .... *»3«!a! 

: .v j .'.. >•! ■ ■ ■' _ ■ . >ix ■"■.i - . ■■■ - -: . 



-TT-JfHifej: ■■'^iKSKtftfL-Z>>r i ^Jfi/S7iT>W. VTi^ttSfaf&i. 

tem&rtt. .,. ,v L-rj*s«53t^i 1 a..'.-,-..-^.- - ^cjtt^tewiv^;.: ..^ ^ &v 

IwiV.' l... V r„, -''^^■Kl-n'YH' '."/# : ■■-l- ' » r -> ■ -.-.-t 1 ::lv j"- ;,^;*r. 

- .v ■ L — :i i-O: ■ ■ ■ ~ ■ ■ ■ J--': ' ■■ 77 - ' " "■ ~-7. ' ' r ~ 

-± ■ . ■ r-_ v.— ■ -- : ■-- : t ■ ".v. *- ■ ■ : ■ 



^ f 3^:H5rl"vT>. ■ ■ * ■■■■ ■■: . .'. . ■■ -.. '■vw't . : . • -j ■■ A ■■ ^ i. j;.ijC :-« - _\ x>-"^f.' ■ ■ .-. 

'.■'rfjv- .„>.! 4.^r.".v—:- p ■-■ L\^.-X..- ■: .» ' :■ V. ^ i \ ■■ >" "■.■^'V 

- ^.l. '-v.- -■' i ■■ -j. . . ■ ' : ■■■j.j ^l ■ ■■ ■ '■ - ... .>-J' " J ".' ■ 

.LI^ho. - v .' l-jy f n Ait 7™ ■ v :■" rf.'s\i - :V-iOw-.w.r . ■ . -■ ■ sl± ill-- »-■■ ■ ■ Ja-;S7j*YL 

■ -T-.:f..:-^SK)5«SR7i:" : . r ^itBfcSBSBJfJia; _ - -^.^ttJWHKESeWiC ^- ■" - V .if. . 'MijSJBftSHlSK-^ ■'■ 

f ■=?:..■ : . ; ■■. w*r.Z:. - - , -.'z.-.*t',;s--. .. i\ .. ■. ■ '"■■i'Vk: iv- \ ••■ ■■■ ^S^:^"!^-^ ■"■ 

■-: ,*;T|ji s^saf . -.-y^-:;^^: ■- . ■ :..^^.^>>?^.^ . ■■. ■ . v:^-^--.^-:^ 

.'<-.. .j. -7 '--t'-v 1- . ■■ .L_r. ■■ r -ra,..\:y.'_ A, -"''- r: v-.- '■■ - ' .- v <u.. _ _%'iiS(i , ^T : ".T ■ .-■ " '■' 

: ^'-il.,'-:.: ' v: _ . J : V -i. . _■ ■ V ■■ >:. 

«aHusaBS&3r:---:--T^?T ■^iiiia«a;5!rli5ft?> ,, -;T^:^ ^ . jJ53i£yi53t?i ^-"^ r;T?v-r^ 3 a334?E¥SegE. J ^:-'r-:?^^ 



— .■-T**!* L .^-f ^ ^-H^'^y-.-.-'y .... „ 



■ if- ■ 



• ' ■ k-4ai.-i:n:»wtjKULL7. ^i.^M'-fttOliH,- ■ - *■ ■ ■ iw^ii'.rt^WIP.P ■ ■■ - ■ ■ ■ . —vii f^taifii- 
.'ewSj^vp*^™. . . ... ifrSMESutfiVF^ . . .. ■ ,. , iEji?4frsf»T 



-ma*f!?&Zii':- v^fTVrfSftin- -i^V-f-^a^JA- -iT.^ii^ft/^ri. 
2«iH=?^i _.. ^S&Sritt-liik ^-^-IPTPCW^^^ . . ..... ..^.SJljJT^.^t?^. .... & 



COLOR PLATE 1 New loci s method jptiliecl 

iDfl:tm3>4 |. 




COLOR PLATE 2 The rabbit, 




COLOR PLATF 4 Flic lulu sel lo»A-'=- J - 1-23- 




COLOR PLATE 6 The MinArlbrnl «rf (Ml. 



COLOR PLATE 7 A jrxwn iw the upp« pnnum nt M 




COLOR PLATE 8 



A /oom on (he upper poninn ol 
loIot plinc 7. 



Page 477 

Index 
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Absolute convergence, 99, 102, 107 
Absolute value, 13, 15, 16 
Addition of complex numbers, 5 
Additive identity, 8 
Additive inverse, 8 
Airfoil, 360 

dAlembert's ratio test, 105, 1 1 1 
Analytic function, 84, 85, 189 

derivative formula, 78, 82 

identity theorem for, 218 

integral of, 189 

maximum principle for, 202, 203 

mean value principle for, 201 

zeros of, 218,234 
Angle of inclination, 282, 370 
Annulus, 224, 225 
Antiderivative, 189, 192 
Arc 



simple, 31, 160 
smooth, 30, 161 
Arc length, 167 

arcsinz, 152, 154, 305, 307, 335 
arctan(y/x), 18, 92, 137, 314 
arctanz, 152 
Argument 

of a complex number, 18 

of a conjugate, 21 

of a quotient, 21 

principle value of, 19 
Argument principle, 274 
Argz, 19, 132,314 
Associative law 

for addition, 8 

for multiplication, 9 
Attracting point, 121 

B 

Bernoulli's equation, 353 
Bessel function, 1 14, 23 1 
Bilinear transformation, 287, 3 1 3 

conformal, 294 

fixed point of, 294 

implicit formula for, 289, 292 



inverse of, 287 
Binomial series, 221 
Bombeli, Rafael, 2 
Boundary 

insulated, 334, 338 

point, 33 

value problem, 314, 316, 406 
Bounded function, 205 
Bounded set, 35 
Branch 

of Arcsin, 153 

of a function, 60, 132 

integral around, 270 

of logarithm, 132, 133, 135 

of square root, 48, 60 
Branch cut, 61 
Branch point, 62 

integrands with, 270-72 

C 

Cardano, Girolamo, 1, 2 

Cauchy, A. L., 76 

Cauchy-Goursat theorem, 179, 186 

Cauchy-Hadamard formula, 111 

Cauchy principle value, 257, 261, 265, 270 



Cauchy product of series, 220 
Cauchy-Riemann equations, 77, 79, 82 

in polar form, 82 
Cauchy sequence, 98 
Cauchy's inequalities, 204 
Cauchy's integral formulas, 195, 197, 216 
Cauchy's residue theorem, 245 
Cauchy's root test, 111 
Cay ley, Arthur, 1 16 
Chain rule, 74, 171,281 
Charged line, 40,342,385 
Circle, 31,33, 68, 169, 184,288 

of convergence, 110 

equation of, 31, 169, 184 
Closed 

contour, 31, 160 

curve, 31, 160 

region, 35 

set, 34 
Commutative law 

for addition, 8 

for multiplication, 9 
Comparison test for series, 101 
Complex 

conjugate, 10 



derivative, 71 
differential, 167 
exponents, 138 
Fourier series, 418 
function, 38 
infinity, 65 

integral, 157, 164, 166, 168 
plane, 12 

potential, 328, 351, 385 
variable, 38 
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Complex number, 1 

absolute value of, 13 

argument of, 1 8 

conjugate of, 10 

exponential form, 20 

imaginary part of, 10 

modulus of, 13 

polar form of, 18 

powers of, 24, 138 

real part of, 10 

roots of, 26, 27 
Conformal mapping, 281, 317, 333, 352 

angle of inclination, 282, 370 

applications of, 329, 342, 349 

bilinear, 287, 289, 292 

inverse, 285, 287 

properties of, 282, 285 

scale factor of, 285 

Schwarz-Christoffel formula, 370 
Conjugate 

of complex number, 10 

of harmonic function, 87, 90, 329 



Connected set, 34, 120, 176 
Continuity, equation of, 350 
Continuous function, 56, 57, 73, 398 
Contour, 160, 162 

closed, 31, 160 

deformation of, 183 

indented, 265 

integral along, 164, 166, 168 
length of, 167 
simple closed, 31, 160 
Convergence 

absolute, 99, 102, 107 
circle of, 110 

of power series, 102, 109, 111, 112 
radius of, 103, 110, 111, 112 
of sequences, 96 

of series, 99, 100, 103, 107, 110, 111, 112,215,225 

uniform, 208 

Weierstrass M-test, 210 
Convolution theorem, 448 
Cosine 

Fourier series, 400 

function, 143, 144, 260 
cosz, 143, 144, 260 



Critical point, 283 
Cubic equation, 1, 2 
Curve, 30, 160, 167, 171 

closed, 31, 160 

equipotential, 90, 342, 351 

exterior of, 33, 176 

interior of, 33, 176 

length of, 167 

level, 93, 328 

opposite, 162, 170, 177 

orthogonal families of, 90, 328 

simple, 31, 160 

smooth, 30, 161 
Cycle, 123 

«-cycle, 123 

D 

d'Alembert's ratio test, 105, 1 1 1 
Damped system, 414 
Definite integral, 192 
Deformation of contour, 183 
De Moivre's formula, 25 
De Morgan, Augustus, 4 
Derivative 

definition of, 71 



of exponential function, 125, 130 
of hyperbolic function, 149 
implicit, 136 

of inverse hyperbolic functions, 155 
of inverse trigonometric functions, 153 
of logarithm function, 134 
normal, 334 
rules for, 73, 112 
of series, 112 

of trigonometric functions, 143, 144 
Differential, 167 
Differentiation, 71, 73, 78 

definition of, 71 

implicit, 136 

rules for, 73, 112 

of series, 112 
Diffusion, 329 
Dipole, 93, 393, 394 
Dirichlet problem, 314, 406 

lvalue, 314, 316 

unit disk | z | < 1, 406 

upper half plane, 314 
Disk, 32 

Distance between points, 14 



Distributive law, 9 
Divergence 

of sequences, 96 

of series, 99 
Division of complex numbers, 7, 8 
Domain, 34 

of definition of function, 38 

multiply connected, 176 

simply connected, 176 

E 

e/9, 19, 20 
ez, 125, 294 
Elasticity, 329 

Electrostatic potential, 40, 329, 342, 385 

Entire function, 84, 205 

Equation 

Bernoulli's, 353 
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Cauchy-Riemann, 77, 79, 82 

of circle, 31 

of continuity, 350 

of curve, 31 

Laplace's, 85, 312, 336 

of line, 30, 162 

parametric, 31, 160, 167, 171, 380 
Equipotential curves, 90, 342, 351 
Equivalence of x + iy with (x,y), 4, 5, 10 
Essential singularity, 233, 242 
Euler, Leonard, 4 
Euler's formula, 19 

Exponential form of complex number, 20 
Exponential function, 125, 130, 294 

derivative of, 125, 130 

fundamental period strip, 128, 295 

inverse of, 128, 132 

mapping by, 129, 294 

period of, 128 
expz, 125, 294 

Extended Cauchy-Goursat theorem, 186 
Extended complex plane, 66 



Exterior, of curve, 33, 176 
Exterior point, 33 

F 

Fatou, Pierre, 1 1 9 
Ferro, Scipione del, 2 
Fibonacci numbers, 222 
Fixed point of 

bilinear transformation, 294 

a function, 121 
Fluid flow, 89, 329, 349, 352, 360, 380 

in a channel, 395 

complex potential, 351, 385 

about a cylinder, 355, 357 

about Joukowski airfoil, 360 

about a plate, 356, 360 

through a slit, 359, 360 

over a step, 381 

velocity of, 89, 329 

at a wall, 393, 394 
Fontana, Niccolo, 1 
Forced vibrations, 414 
Fourier expansion, 399 
Fourier integral, 261 
Fourier series, 231, 397 



cosine series, 400 

expansion, 399 

properties, 421 

sine series, 400 
Fourier transform, 418, 420 
Fractal, 119 

Fresnel integral, 222, 273 
Function 

analytic, 84, 85, 189 

Bessel, 114, 231 

bilinear, 287, 289, 292 

bounded, 205 

branch of, 48, 60, 132 

complex, 38 

continuous, 56, 57, 73 

cosine, 143, 144 

differentiable, 71,77, 79, 82 

domain of definition, 38 

entire, 84, 205 

exponential, 125, 130 

harmonic, 85, 90, 199, 310, 407 

hyperbolic, 144, 148 

image of, 38, 63 

implicit, 60, 289 



integral of rational, 257 

inverse of, 43, 152, 285 

limit of, 53, 55, 57 

linear, 43, 287 

logarithmic, 132 

meromorphic, 274 

multivalued, 60 

one-to-one, 41, 287 

period of, 128, 145 

principal value of, 48, 50, 60, 132 

range of, 38, 62 

rational, 257, 274 

sine, 143, 144 

stream, 351 

tangent, 143 

trigonometric, 143 

zeros of, 25, 205, 234 
Fundamental period strip, 128, 295 
Fundamental theorem 

of algebra, 25, 205 

of integration, 189, 192 

G 

Gauss, Karl Friedrich, 4, 5, 11 
Gauss's mean value theorem, 201 



Geometric picture of complex numbers, 3, 5 

Geometric series, 103 

Goursat 

Cauchy's theorem, 179, 186 
Green's theorem, 1 77 

H 

Hadamard, Cauchy, formula, 1 1 1 
Harmonic conjugate, 87, 90, 329 
Harmonic function, 85, 199, 310, 407 

applications of, 90, 310, 406 

conjugate of, 87, 329 

maximum principle for, 207 
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Heat flow, 329, 330 
Heaviside expansion theorem, 446 
L'Hopital's rule, 74, 239, 248, 262 
Hyperbolic functions, 144, 148 

derivatives of, 149 

identities for, 149 

inverses of, 155 

1 

Ideal fluid, 89, 329, 349, 380 
Identity theorem 

for analytic function, 218 

for series, 218 
Image 

of flow, 352, 360, 380 

of function, 38, 60, 62 

of source, 389 
Imaginary 

axis, 12 

part of complex number, 1, 10 

unit, 1, 9 
Implicit differentiation, 136 
Implicit form of bilinear transformation, 289, 292 



Implicit function, 60, 289 
Im(z), 10 
Indefinite integrals 

table of, 372 

theorem of, 189 
Indented contour integral, 265 
Inequality 

Cauchy's, 204 

ML, 172 

triangle, 15, 17, 171 
Infinity, 66, 241,287, 292 
Initial point, 1 60 
Insulated boundary, 334, 338 
Integral 

around branch points, 270 

Cauchy principal value of, 257, 261, 265, 270 

Cauchy's formula, 195, 197, 216 

complex, 157 

contour, 164, 166, 168 

definite, 192 

Fourier, 261 

Fresnel, 222, 273 

improper, 256, 257, 261 

indefinite, 189 



Leibniz's rule for, 197 

line, 164, 166, 168 

Poisson, 323, 407 

of rational function, 257 

representation forf(z), 195 

table of indefinite, 372 

theorem of indefinite, 189 

trigonometric, 260, 261 
Interior of curve, 33, 176 
Interior point, 33 
Invariance 

of flow, 352, 380 

of Laplace's equation, 312 
Inverse of 

bilinear transformation, 287, 289, 292 

functional, 152,285 

hyperbolic function, 155 

Laplace transform, 441, 445 

sine function, 152, 154, 335 

trigonometric functions, 152, 255, 335 
Inversion mapping, 64 
Irrotational vector field, 83, 89, 350 
Isolated 

point, 218 



singularity, 232 

zeros, 218 
Isothermals, 329, 330 
Iterates, 116 

J 

Jacobian determinant, 286 
Jordan curve theorem, 35 
Jordan's lemma, 262 
Joukowski airfoil, 360 
Julia, Gaston, 119 
Julia set, 116, 120 

L 

Lagrange's identity, 29 

Laplace's equation, 85, 312, 336, 406 

invariance of, 314 

in polar form, 93, 406 
Laplace transform, 422 

convolution, 448 

of derivatives, 430 

existence, 424 

Heaviside expansion, 446 

of integrals, 430 

inverse, 441, 445 

linearity, 425 



properties, 424, 429 
shifting theorem, 434 
table of, 428 
uniqueness, 425 
unit step function, 434 
Laurent series, 225, 244 
Laurent's theorem, 225 
Legendre polynomial, 200 
Leibniz's rule, 197, 220 
for integrals, 197 
for series, 220 
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Length of contour, 167 

Level curves, 90, 328, 342, 351 

L'Hopital's rule, 74, 239, 248, 262 

Limit 

of a complex function, 53, 55, 57 
at infinity, 66, 70 
of a sequence, 96 
superior, 106, 111, 115 

Line 

of charge, 40, 342, 385 
equation of, 30, 162 
of flux, 329, 342 
heat flow, 329,330 
integral, 164, 166, 168 
Linear 

approximation, 28 1 

fractional transformation, 287, 289, 292 

transformation, 42, 287 
Lines of flux, 293,329, 342 
Liouville's theorem, 205 
Logarithmic function 

branch of, 132, 133 



derivative of, 134 

mapping by, 133, 135,297 

principal value of, 132 

Riemann surface, 137 
Logz, 132, 221,232, 297 
LRC circuit, 150 

M 

Maclaurin series, 214, 219 
Magnetism, 329 
Magnification, 43, 285 
Mandelbrot, Benoit, 120 
Mandelbrot set, 116, 121 
MapleTM, 254, 266 
Mapping 

bilinear, 287, 289, 292 

conformal, 281, 317, 333, 352 

by expz, 129, 294 

linear, 42, 287 

by Logz, 133, 135,297 

Mobius, 287, 289, 292 

one-to-one, 41, 287 

by 1/z, 64 

by sinz, 305 

by trigonometric functions, 303 



byz«, 47,51,285,298 
byzl/n, 47, 49, 52,61,63,299 

MathematicaTM, 254, 266 

Mathematical models, 327, 342, 349, 385 
electrostatics, 342, 385 
ideal fluid flow, 89, 349, 380, 384 
steady state temperatures, 329 

Maximum principle 

for analytic functions, 202, 203 
for harmonic functions, 207 

Mean value principle 

for analytic functions, 201 

Mechanical systems, 412 

Meromorphic function, 274 

ML inequality, 172 

Mobius transformation, 287, 289, 292 

Modulus, 13, 15, 16, 88, 202, 207 

Morera's theorem, 201 

M-test, 210 

Multiplication of complex numbers, 6 
Multiplicative inverse, 9 
Multiply connected domain, 1 76 
Multivalued function, 60 



N 

«-cycle, 123 

Negative orientation, 162, 170, 177 
Neighborhood, 32, 54, 84 
Newton's method, 11618 
Normal derivative, 334 
«th root, 26, 27 

principal value of, 5 1 
N- value Dirichlet problem, 314, 316 
Nyquist stability criterion, 277 

O 

One-to-one function, 41, 287 

1/z, 9, 64 

Open 

disk, 32 

neighborhood, 32, 54, 84 
set, 34 

Opposite curve, 162, 170, 177 
Order of 

pole, 233 

zero, 234 

Orientation, 31, 33, 160, 162, 170, 177 

Orthogonal families of curves, 90, 328, 329, 342, 351 



p 

Parameterization of curve, 31, 160, 167, 171 
Parametric equations, 31, 160, 167, 380 
Partial fractions, 1 86, 249 
Partial sums, 99 
Path, 160, 168 

Path of integration, 164, 166, 168 
Period of function, 128, 145 
Period strip, 128, 295 
Piecewise continuous, 398 
Point at infinity, 66 
Poisson integral formula 

unit disk, 407 

upper half plane, 323 
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Poisson kernel, 408 
Polar coordinates, 18 
Polar form of 

Cauchy-Riemann equations, 82 

complex number, 18 

Laplace's equation, 93 
Pole, 6, 233, 274 

of order k, 233, 236, 237, 241, 247, 274 

residue at, 247 

simple, 237, 247 

at singular point, 233 
Polynomial 

coefficients of, 29 

factorization of, 206 

Legendre, 200 

roots of, 25, 205, 206 

zeros of, 29, 205, 206 
Positive orientation, 31, 33, 162, 170, 177 
Potential, 90, 328 

complex, 328, 351, 385 

electrostatic, 40, 329, 342, 385 

velocity, 329, 349, 351, 353 



Powers, 24, 138 
complex, 138 

De Moivre's formula for, 25 

rational, 140 
Power series, 102, 109 

Cauchy product of, 220 

convergence of, 109, 111, 112 

differentiation of, 112 

division of, 240 

multiplication of, 220 

radius of convergence of, 109, 111, 112 

uniqueness of, 218 
Principal branch of 

Argz, 19 

logz, 132 

square root, 48, 60 

zc, 138 

zl/n, 51 
Principal nth root, 48, 51, 60 
Principal value of 

argz, 19 

definite integrals, 257, 261, 265, 270 
logz, 132 
Principle 



maximum, for harmonic functions, 207 

maximum modulus, for analytic functions, 202, 203 

Product of series, 220 

Projects, 456 

Punctured disk, 32 

Q 

Quotient 

of numbers, 7, 8 
of series, 240 

R 

Radius of convergence of power series, 109, 111, 112 
Range of function, 38, 62 
Rational function, 257, 274 
Ratio test, 105, 111 
Real axis, 12 

Reciprocal transformation, 64 
Region, 35 

Removable singularity, 233 
Reparameterization, 171 
Research projects, 456 
Residue, 244, 247 

applications of, 257, 260, 261, 265, 270 

calculation of, 247 

at poles, 247 



at singular points, 244 

theorem, 245 
Response, 415 
Re (z), 10 
Riemann 

mapping theorem, 308 

sphere, 66 

sum, 16365 

surface for log z, 137 

surface forzl/2, 63 

surface for ,301 

theorem of, 241 
Risch-Normal algorithm, 254 
RLC circuit, 150 
Root 

of numbers, 26, 27 
test for series, 107, 111 
of unity, 26 
Rotation transformation, 43 
Rouche's theorem, 275 

S 

Scale factor, 285 
Schwarz-Christoffel 
formula, 370 



theorem, 370 

transformation, 370 
Sequence, 96 

Cauchy, 98 
Series 

binomial, 221 

comparison test, 101 

convergence of, 99, 107, 111, 112, 215, 225 

differentiation of, 112 

divergence of, 99 

Fourier, 231, 397 

geometric, 103 

identity theorem for, 218 

Laurent, 225, 244 
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Maclaurin, 214, 219 

power, 102, 109 

product of series, 220 

quotient of series, 240 

ratio test for, 105, 1 1 1 

representation of/(z), 109, 214 

Taylor, 214, 215,217 

uniqueness of, 218 
Simple 

closed curve, 31, 160 

pole, 237, 247 

zero, 234 
Simply connected domain, 176 
Sine 

Fourier series, 400 
function, 143, 144, 260, 305 
inverse of, 152, 154 
Singular point, 84, 232 
essential, 233, 242 
isolated, 232, 244 
pole at, 233 
removable, 233 



residue at, 247 
Sink, 385 

sinz, 143, 144, 260, 305 
Smooth curve, 30, 161 
Solenoidal vector field, 83 
Source, 385 

image of, 389 
Sphere, 66 

Square root, 48, 50, 60, 299 

branch of, 60 

principal, 48, 60 

Riemann surface, 63 
Steady state 

part, 415 

temperatures, 329 
Stereographic projection, 66 
Streamlines, 90, 329, 351 
Strip, period, 128, 295 
Student research, 456 
Subtraction of complex numbers, 6 
Sum, partial, 99 

T 

Table 

of integrals, 372 



of Laplace transforms, 428 
Tangent vector, 161, 281, 370 
tanz, 143, 148,304 
Tartaglia, 1 , 2 
Taylor series, 214, 215, 217 
Taylor's theorem, 215 
Temperature, steady state, 329 
Terminal point, 160 
Transformations 

bilinear, 287, 289, 292 

composition, 295, 304 

conformal, 281, 317, 333, 352 

by exp z, 294 

Fourier, 418, 420 

inversion, 64 

Laplace, 424 

linear, 42, 287 

by log z, 133, 135, 297 

Mobius, 287, 289, 292 

by 1/z, 64 

reciprocal, 64 

rotation, 43 

Schwarz-Christoffel, 370 
by sinz, 305 



by trigonometric functions, 303 

byzw, 47,51,285,298 

byzl/n, 47, 49, 52,61,63,299 
Transient part, 415 
Translation, 42 
Triangle inequality, 15, 17 

for integrals, 171 
Trigonometric functions, 143 

derivatives of, 143, 144 

identities for, 146 

integrals of, 25254, 26062 

inverses of, 152, 154, 335 

mapping by, 303 

zeros of, 145 
Two-dimensional 

electrostatics, 342, 385 

fluid flow, 89, 349,380,385 

mathematical models, 327, 342, 349, 385 

U 

Unbounded set, 35 
Undamped, 412 
Uniform convergence, 208 
Uniqueness of power series, 218 
u(x,y), 38, 77, 79, 157,329 



Veblen, Oswald, 35 
Vector field 

irrotational, 83, 350 

solenoidal, 83 
Vector form of a complex number, 12 
Velocity 

of fluid, 89, 349, 351, 353 

potential, 351 
Vibrations in mechanical systems, 412 

Damped system, 414 

Forced, 414 
v(x, y), 38, 77, 79, 157, 329 
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W 

Wallis, John, 3, 5 
Weierstrass M-test, 210 
Winding number, 277 

Z 

zn, 24, 47 
zVn, 26, 27, 51 
zc, 138 
1/z, 9, 64 
Zero 

of a function, 25, 205, 234, 274 
isolated, 218, 274 
oforder£,234, 236, 274 
of polynomial, 25, 29, 205, 206 
simple, 234 

of trigonometric function, 145 
Z-transform, 232 



